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PREFACE, 



IN A CONVERSATION BETWEEN A FRIEND AND THE AUTHOR. 



Friend. — And who, do you think, wishes to know anything 
about Evolution and Involution ; how many persons are there, 
think you, to whom such matters can ever be of practical use ? 

Author. — But few, comparatively, I am aware. But all men 
wish to learn to think, to reason ; and I have selected this subject, 
have availed myself of the rich vein of materials which it affords, 
for the purpose of winning the mind into a delightful and profita- 
ble exercise of its reasoning powers. 

Friend. — You deem this subject, then, a favourable one to the 
accomplishment of such a purpose ? 

Author. — I am not singular, as you are aware, in deeming the 
study of Mathematical learning favourable to the improvement of 
the mind. This study having long been recommended, by some 
of the most esteemed authorities in affairs of this nature. 

Friend. — This appears strange from you! You, who, in your 
" Lessons on Arithmetic," so earnestly caution your Pupil against 
the pursuit of this very study of Mathematics. 

Author. — Appear strange, it may, if you do not attend to the 
distinction, which, in the passage to which you allude, I have, as 
I think, pretty clearly, drawn, between the useful, and the useless ; 
between what you must allow me to term, the substantial, and the 
merely abstract. Against the pursuit of abstract mathematics, 
and, indeed, against abstractions of all sorts, I would caution the 
student. It is not philosophy, but dreaming. I have, more than 
once in my life, in my desire to improve myself by the study of 
this science, entered upon the confines of abstraction, but have 
withdrawn, on finding that, like indulgence in mere reverie, the 
mind was sensibly sinking under the attem^X,. 
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Friend. — Then you do not indulge in abstractions, in this 
work? 

Author. — In this, nor in any. Philosophy consists, or it merits 
not the name ; philosophy, like common sense, consists in a love 
of knowledge that is useful. It is a knowledge of substantial 
things ; of Nature, in her various regions ; and of the Laws by 
which She is governed. It is true. that learning, once deemed ab- 
stract, speculations once deemed useless, have not infrequently 
been found to have useful applications. So that we must not be 
very rigid in our abstinence from the dreams of science. However, 
I have here followed no abstractions. I have traced the operations 
of numbers to the verge. I have stopped at the boundary which 
stands between numbers as they relate, or as they refer, to matter, 
and the abstract quantities of Mathematicians. In short, I have 
offered to the consideration of the reader, figures of real and tangible 
quantities, as the subject of every operation and inquiry. 

Friend. — Your chief purpose, you say, in the work, is to winj 
the mind to a pleasing, and profitable exercise of its powers ? 

Author. — And thereby to strengthen and improve it. It is not 
for me to say how far I think that I have succeeded in my purpose, 
nor to speak of any other quality of the work. I found this 
branch of the science of numbers replete with matter, itself 
interesting and useful, but far more valuable, as a medium for the 
exhibition and illustration of effective methods of analysis, and 
of reasoning ; valuable as a means of training the mind, without 
the irksomeness of dry and repulsive rules, into a vigorous and 
healthful exercise, and into a taste for the Principles of science. 

Besides these, however, I presume to hope that the work will be 
useful in other ways, I have intended to make the Book com- 
plete, by treating of those few rules of Arithmetic to which, on 
quitting their schools, gentlemen, and professional men, can be 
supposed to have occasion to refer. And then, I presume, also- 
that the Book will prove to be a short and easy introduction to 
Mensuration, Surveying, and Gauging. 

i fc 
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INTRODUCTION. 

Familiarly acquainted with the first four rules of 
arithmetic, the very rudiments of the most ordinary 
education, the enquiring student will proceed with- 
out difficulty into the study of this more engaging 
department of the science of numbers. And if, in 
those four rules we include the addition, subtraction, 
multiplication, and division of compound numbers, 
a knowledge of these, joined to the few rules deve*- 
loped in the following pages, will most probably 
comprehend all the arithmetic that a gentleman or 
man of liberal pursuits may require. 

The Terms, and the Signs or marks employed 
throughout the work, are defined or explained as they 
severally arise. But, for obvious reasons, a list of 
them in a tabular form is desirable. Such a list will 
be found at the end of the work. And to make it 
more useful, some few other terms and marks, im- 
mediately connected with the object of the work* 
and used by other authors, will be comprehended in 
the Table. And this will be followed by Tables of 
English weights and measures. 

B 



CONTENTS. 



Of PROGRESSION, PROPORTION, and 

The RATIOS OF NUMBERS. 

Of FRACTIONS : 

Their Nature, mode of Statement, &c. 

Their Origin, Reduction, Addition, Subtraction, Multiplica- 
tion, and Division. 

NO MULTIPLICATION, NOR DIVISION BY FRACTIONS. 

Of DECIMALS : 

Their Nature, Uses, and mode of Statement. 

Their Addition, Subtraction, Multiplication, and Division. 

REDUCTION OF VULGAR FRACTIONS TO DECIMALS. 

OF DUODECIMALS ; TWELFTHS, OR CROSS MULTIPLICATION : 
Being Calculations of Measurement in Feet, Inches, &c. 

OF INVOLUTION, AND EVOLUTION: 
The Square. 

INVOLUTION, especially of Fractional Quantities. 

EVOLUTION ; or the Extraction of the Roots of Numbers. 
Extraction of the Square Root. 
Extraction of the Cube Root. 
Extraction of Biquadrate, &c. Roots. 

TABLE OF SIGNS, TERMS, Ac. 

TABLES OF WEIGHTS AND MEASURES. 



PROGREJ 



PROGRESSION AND PROPORTION, 



THE RATIOS OF NUHBEBS. 



. Proportion and Ratios are, perhaps, t 
beautiful and interesting, as they likewise constitute 
the most useful branch of the science of numbers; 
most beautiful for the harmony and the order which 
they exhibit, and most useful in the frequency of 
their application to affairs of business and of civil 
life. With regard to progression, it is a very simple 
matter; a sort of notation, merely, of proportional 
numbers. 

2. Progression is advancement; and the word is 
applied to the manner in which any series of numbers 
advance or increase by any sort of regular aud order- 
ly progress; as do 2, 6, 10, 14, 18; or 5, 7, 9, li, 
13; or 1,2, 3, 4, 5 ; each of which lines, or series, 
of figures increases, as you see, at each step, by 
the repeated addition, in the first, of four, in the 
second, of two, and in the third, of one. And the 
word progression is, also, applied, although not quite 
so properly, to series of numbers which, in a mode 
equally regular, decrease as they proceed, as do 18, 
14, 10, 6, 2. And, whilst the former may be called 
increasing series, those of the latter description are 
called decreasing series. 

3. But there is another mode of progression, a 
mode in which the increase is produced, not by the 
repeated addition of one number, but by a repeated 
multiplication by one number, as in the following ^ 
series, % 8, 32, 123, 512, and so on ; the number witF 
which we multiply, in this mstauce^eJwv^Vsvxt. 
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4. Now these two modes of progression have, as 
different thittga ought to have, different names. That 
mode which is produced by Addition, is called Arttli- 
faetioal Progression; whilst that which is produced 
by Multiplication, is called Geometrical Progression, 
Ihe reasons for adopting these two names are not 
very obvious ; and to inquire into those reasons would 
lead us out of our course. But it is necessary thus 
to distinguish the two modes. With regard to thenum- 
beTB, or, as they are called, Terms, forming both the 
modes of progression, they have several very curious, 
and some of them very valuable properties ; on some 
of which properties we may with advantage observe. 

5. In the first place, with regard to any series of 
numbers increasing, or decreasing, in arithmetical 
progression, thus, 4, 6, 8, or 8, 6, 4, it is to be ob- 
served, that the first and the last number in each 
series, added together, are equal to twice the middle 
number. And the reason of this, as you cannot tail 
to see, is, that as the numbers increase, or decrease, 
by even, or equal steps, so the number on one side 
is as much more, as that on the other side is less, than 
the middle number; so that, put the two together, 
and they make twice the middle number: and this 
is true of every such series, whether the steps by 
which numbers increase or decrease he great or small. 

6. But this, which is true with regard to series 
such as the above, consisting of three numbers, is 
likewise true of any other regular series of numbers 
or terms, however extensive the series, and whether 
the increase, or the decrease, at each step, as I have 
just stated, be great or small. For, let us suppose a 
scries of terms consisting of a thousand ; or rather, 
in order that we may have a middle term, let the 
series consist of a thousand and one. Is it not evident, 
that as there will be five hundred steps of increase 
on one hand of the middle term, and five hundred t " 



AND OF THE RATIOS OF NUMBERS. 5 

decrease on the other, every step being equal ; is it 
not evident, that what is lost on one hand is gained 
on the other; and that if we add the last term on 
each hand together, we shall have, as in the above 
short series of three terms, just twice the middle term ? 
And, on this principle it is, that in measuring the 
trunks of trees, as timber, the measurement as to 
thickness, is taken by girthing them around the mid- 
dle, that is, at an equal distance from each end. And 
this is regarded as the true measurement, or as it is 
called, the average thickness ; seeing that, whatever 
the trunk may loose by tapering towards one end, is 
gained by its increase towards the other. 

7. Again, that which is true of the two extreme 
terms of a series of numbers, whether that series be 
long or short, is true of any other two terms, taken 
one on either hand, an equal number of steps from 
the middle term. And this is true of all such pairs 
of terms, for the reason above stated ; namely, that 
as much being gained on the one hand, at every step, 
as is lost by every step on the other, any two terms 
taken at an equal number of steps from the middle 
term, will be equal to twice the middle term ; and 
equal too, for the same reason, to any two other terms 
taken in like manner, however near, or however 
distant from the middle term. 

8. Yet, again : take a line of four terms ; thus, 5, 
6, 7, 8. Now here is not one, but two middle terms ; 
and the extreme terms being each equally distant 
from the middle terms, whatever one extreme falls 
short of the two middle terms added together, is made 
up by the other extreme ; so that, the two extremes 
are equal to the two means; for, by this name," means," 
are these middle terms called. And this, which is 
true with regard to this series, is, for the same reason, 
true with regard to those of any other series ; and 
true, also, with regard to any other two terms of an 
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other series, such terms being taken thus at eqnal 
distance from the two middle terms. 

9 
bet 









9. A consequence of the relationship thus existing 
between a series of numbers of this description is 
this; that if we be informed of three, of almost any 
three particulars respecting such series, we can tell 
all the other particulars respecting it. As, for ex- 
ample, if we have the first and the last terms, and 
the sum of the whole, we can then tell the number 
of terms, and the rate of increase at each step ; or, as 
it is called, the rate of progression. Again, having 
the first term, the rate of progression, and the number 
of terms, we can tell the last term, and the sum of 
all the terms. But here is quite sufficient for our 
present purpose, in arithmetical progression. Now, 
therefore, for the other, and more important kind of 
progression ; that is, when the increase is produced 
by a repeated multiplication by one number, which, 
as before stated, is called geometrical progression; 
a mode of progression, which produces numbers bear- 
ing towards each other a relationship very different 
from that which is produced by the successive addition 
of the same number to each successive term. And, 
for the purpose of more distinctly marking this dif- 
ference, let us here set down a series of terms in each 
of the modes of progression. And, further, in order 
that the difference may be most distinctly seeu, let 
us, in each series begin with the same number, and 
let the increase be made in each by the use of the 
number three: thus, 

5, 8, II, 14, 17, 20, 23, Arithmetical Progr. 

5, 15, 45 135, 405, 1215, 3645, Geometrical Progr. 

10. Now, the vast increase which the latter series 
makes, compared with the former, is not the point 
on which I have to remark, but, in the first place, 
the difference in the relationship which the several 
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terms bear one towards another. On looking at 
first, or arithmetical series, you can scarcely say tl 
any one of the terms is twice as many, three times 
as many, four times, or, indeed any number of times 
as many as any other term ; iu short, no one term, 
scarcely will help to produce, nor can it be the pro- 
duct of any of the others; or, if occasionally, such a 
relationship do exist between any of the terms, it is 
quite accidental. Far otherwise, however, is it with 
the terms which form the other series; amongst these, 
each term is a factor of all that come after it, 
and a product of each and of all that go before it; 
so that the whole series, from the first to the last, 
however long it may be, is linked together by a kind 
of proportion, one term being exactly three times, nine 
times, or some other number of times, greater, or 
less, than any of the others. And these, with several 
other interesting and very useful qualities, belong, 
not peculiarly to the series of terms that I have here 
laid before you, but to any other similar series, what- 
ever their length, whatever the terms, or whatever 
the number by which, at each step, they may be 
increased. 

11. Series of numbers increasing by geometrical 
progression afford problems similar to those of which 
we have spoken in the other mode of progression; 
that is to say, having any three of the properties of 
any series ; as the first, the last, the middle term, or 
terms, the sum of the whole, the rate of increase, the 
number of terms ; having any three of these proper- 
ties, we can find the rest. But, again, these are not 
the important points at which I am aiming ; the great 
matter, those points for which, almost alone, I have 
introduced this branch of arithmetic into my book, 

I are now to be treated of. 
12. On reverting to the geometrical series of terms 
before given, you see, that whilst 5 multiplied by 3 
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increases to 15, 135 multiplied, also, hy 3, increases 
to 405. Now this 405, though so much more than 
135, hears the same proportion, hears exactly the 
same proportion to this latter numher, as does 15 to 
5 ; that is to say, each of the larger terms, ornumhers, 
is three times as large as its preceding term ; and, 
of course, the contrary, or in more scientific phrase, 
the converse of this proposition is correct; that is, 
each of the smaller of these terms is one-third of that 
which immediately succeeds it; and the proportion 
hetween the respective terms subsists in this manner. 

13. Now, a consequence of these relative propor- 
tions amongst numbers is this, that, if you have a 
number, for which you would find what may be called 
a relation, in another numher, and if your wish is, 
that the relationship between the two numbers shall 
be of the same degree ; that is, that it shall be equally 
near as the relationship subsisting between certain 
other two numbers, which you have already before 
you: a consequence of these proportions amongst 
numbers is this, that you are hereby enabled, with 
great ease, neatness, and truth, to find out such 
relation. And this matter, simple as it may yet 
appear, is the greatest ornament, and may, perhaps, 
be justly pronounced to be the most valuable appli- 
cation of the art of arithmetic. Of the application 
hereafter ; at present we must direct our attention 
somewhat more to the nature of these proportions, 
and to the mode of discovering, and of forming thenn 

14. Each series of numbers, whether in arithmeti- 
cal, or in geometrical progression, has the same pro- 
perties as any other series increasing in like maimer, 
so that it is immaterial what numbers we take as 
subjects for our experiments and observations. For 
the present we will take the geometrical series before 
given, and here repeated : that is, 

5, 15, 45, 135, 405, 1215, 3645. 
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'ou observe, here are seven terms, of which 13 
> the middle term. Now, amongst the properties 
if these numbers we find these: that the product c 
the middle term multiplied into itself, is equal to th 
product of the two extreme terms ; equal, also, to tha 
arising from the multiplication of the two next term 
on either side of it ; these are 45 and 405 ; and equal 
also, to the product of the two terms next again t 
them, that is 15 + 1215 ; and, in short, to whatever 
length the series were extended, the same property 
would subsist amongst the terms ; that is to say, that 
the middle term, multiplied into itself, would pro- 
duce the same sum as would he produced by the 
multiplication of any two terms in the series, such 
terms being taken thus, in a sort of pairs, one on each 
side, at an equal distance from the middle term. 
And, further, be it observed, that as this is the case 
with every series, consisting of an odd number of 
terms, the same properties exist, and the same rela- 
tionship also exists, in series that have an even number 
of terms, and in which, consequently, we find two in 
the middle: that is to say, the multiplication of these 
two terms produces, in like manner, a sum equal 
to that produced by any other two terms in the series, 
such two terms being taken on either hand, and at 
equal distance from the two middle terms. 

15. The next property, on which I have to re- 
mark, in numbers of this description, is this; I have 
before stated, that any two adjoining terms, in any 
regular series, bear the same proportion towards 
each other, as do any other two terms, similarly 
situated; that is to say, turning again to the series 
on which we have been observing, 5 and 15 bear the 
same proportion towards each other, as do 15 and 
45; as 45 and 135; as 135 and 405; and so on, 
through the series. Nor is this sort of relationship 
confined to terms immediately adjoining each other, 
but exists in like manner, between those taken at 






flionbr datfaaeea tea cack other, whatever the 
tanee may be : that, if we take every other 

aad 45 bear the saw proportion towards end 

a* do 13 aad 133; aad as do 4a aad 403, aad so on; 
or if you take the term* at a yet greater distance 
from each other, as 15 and 405. which hear the same 
proportion towards each other as do 5 and 135; is 
45 and 1315, and so on. Aad thus it is ; and tha> 
will it always be in every geometrical series of 
cumber*. 

16. Here I find it expedient to state, that numbers 
employed for these purposes have their proper names. 
Generally we call them terms, merely: when we 
take a pair, or, as they are called by some, a couplet 
of terras, and would distinguish the first term from 
the last, we call theiSrrf the antecedent ; that is, the 
before-going, and that which comes after is called the 
consequent; thus, in the two couplets last cited, that 
is, 5 and 135, aud 45 and 1213, the terms 5 and 45 
are antecedents, and 135 and 1215 are to be called 
consequent terms. And be it further observed, that 
an these two couplets are said to be proportionals, as 
the latter is compared to that which goes before it, 
so this may be conveniently called Hie antecedent pro- 
portional, and the other the consequent proportional. 

1?. In all these cases on which we have been ob- 
serving, you will not have railed to perceive, that 
the proportion subsisting between the corresponding 
terms is of this nature; that, whilst in every instance, 
the antecedent terms in each couplet bear the same 
|in>puii,ioii towards each other as do their respective 
consequents, 80, ajso, in the terms stated, you will see, 
tliut uie consequents are either three times, nine times, 
or twenty-soveu times, as large as their respective 
imtrtTtlcnts: an, to turn our attention again to the 
two couplets lost cited, whilst 135 is twenty-seven 
times ;r. much as 6, so 1215 is, also, twenty-seven 
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times as much as 45. And this twenty -seven beir 
the rate of increase, is called the hate, or moi 
learnedly, the ratio, of the proportion subsistti 
between the two couplets of terms. Again, the pi 
portion may be spoken of in the contrary mode, t 
terms being reversed, thus, 135 and 5 bear the sarr 
proportion towards each other as do 1215 to 45; 
121 5 is to 45 as 135 is to 5; in which cases, 27 is t 
ratio of decrease. As to the ratio, whether of i 
crease, or of decrease, it might be ever so large, 
ever so small ; it might be a million times, or only i 
millionth part as great ; or it might be so mud 
less; still, in proportional terms and couplets, allth. 
properties of which I have spoken must and will exisl 

18. To save the words which I have hitherto « 
ployed in stating these proportional numbers, and for 
the purpose, likewise, of presenting such statements 
more quickly, and more distinctly to the eye, arithme- 
ticians are in the practice of employing a few points, 
which you will find it useful to be familiar with, and 
to which, therefore, I now call your attention. — On 
referring to the last paragraph, you find the following 
passage "135 and 5 bear the same proportion towards 
each other as do 1215 to 45 ; or 1215 is to 45 as 135 
is to 5." — Now, by the use of the points which I am 
about to describe, all this is presented to the eye 
more readily, and quite as clearly in this manner. — 
'""■ : 5:: 1215:45; or, 1215: 45:: 135:5. 

To explain the points : 

The two points mean " is to 

SAME PROPORTION." 

The four dots, or points, mean, 
is ;" or Truly be read in any other words descrip- 
tive of that sort of relationship which subsists 
between couplets of numbers that are pro- 
portionals. 
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So the foregoing proportional terms, translating 
the dots into words, are read thus : 135 it to 5, as 
1215 is to 45 ; and so on. And this mode of stating 
such propositions, with the dots, we must henceforth 
generally employ. 

19. Hitherto I have spoken of these proportional 
terms, only as of a regularly-continued series ; that 
is to say, as in the series given, beginning with 5, 
and continuing regularly to increase by a ratio of 3. 
Nothing, however, of this sort is required to form 
proportional numbers : numbers or terms may con- 
tinue to increase, or to decrease, in that continued, 
and uninterrupted order, hi which case they are called, 
continued proportionals : or they may be interrupted, 
or broken, thus, 15-45 :: 405- 1$16 ; or, 2-l4::21- 
147; in which case they are called, interrupted pro- 
portionals. 

20. I have shown, in paragraphs 12, and 17, that 
proportion in numbers consists in the increase, or de- 
crease, amongst them being at the same rate, or in 
the same ratio; and in paragraph 13, I stated, that 
the mode of discovering numbers, which shall bear 
certain required ratios towards each other, may be 
justly pronounced to be the most valuable application 
of the art of arithmetic. Let us, then, proceed atten- 
tively to the consideration of this mode, in order to 
become masters of a process of so much importance. 

21. To make our experiments on the numbers, or 
terms, already cited; 15 is to 45 as 405 is to 1215, 
Now, what proportion does 15 bear towards 45? 
We remember, indeed, that the former term is one- 
third of the latter; but, suppose we knew nothing of 
this, how ought we to proceed in order to discover 
the proportion, or ratio, between the two numbers ? 
The method is, to divide the larger by the smaller, 
and the quotient is the ratio. And, were it our 
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object to find a number that should bear the same 
proportion to some other number as 45 does to 15, 
the course we have to take is, to multiply that other 
number by the ratio, which is 3, and the product is 
the number sought: as, for instance, let the number 
for which we would find a similiar relation be 405; 
this, multiplied by 3, produces 1215: but, did we want 
a number in decreasing proportion; did we want a 
number which should bear the same proportion to 
405 as 15 does to 45, then we divide the 405 by the 
ratio, and the quotient, 135, is the number we would 
discover. So, then, in the first case, above stated, 
15 :45 ::405 : 1215; and, in the second, 45 : 15 :: 
405 ; 135. 

22. These, however, as before stated, are not the 
only points of resemblance, or of proportion, subsist- 
ing between numbers of this description. In the 
above we have only shown, that the two consequent 
terms bear a like proportion to their two antecedents ; 
s, that 45 ; 15 : : 1215 : 405; whereas 45 is, also, to 
215, as 15 is to 405 ; that is to say, the two antece- 
ents bear the same proportion towards each other, 
s do the two consequents. So you will find it to be 
in every case. But to prove it in this instance, divide 
the larger antecedent term by the smaller, thus, 
12 1 5 -h 45 = 27 ; which 27 you will find, also, is the 
quotient, when the larger consequent is divided by 
he smaller. 



23. Finding, as we thus easily do, the rate of in- 
crease, or of decrease, between any two numbers, 
and finding that this rate, or ratio, is, in proportional 
numbers, the measure, between the antecedent terms 
and their consequents, we shall, as you will find, have 

Ino difficulty in discovering any proportional num- 
bers that we may require. 



24. Now of the four terms, 15, 45, 405, and 1215, 
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suppose that we had only the three first, and that it 
were oar wish to find the fourth, which term bears 
the same proportion to the third, as the second does 
to the first. The thing we have first to do is, to dis- 
cover the ratio between the first and second terms ; 
in order to which, as before shown, we divide the 
larger bv the smaller, and this gives as the ratio 3, 
with which, by multiplying the third term, we pro- 
duce the fourth ; or, let the three terms be these, 405, 
1215, 15; and let it be our wish to find a fourth, which 
shall bear the same relation to the 15 as 1215 does 
to 405. We divide and multiply as before, and the 
fourth term is produced. And iu this manner, having 
two numbers, or two quantities of any kind, bearing 
a certain proportion towards each other, and a third, 
to which we would find a number or quantity that 
should bear a like proportion ; in this manner do we 
proceed, and thus easily may we find the number we 
require ; That is to sav, thus may we proceed, when 
the smaller of the first and Second terms will divide 
the larger without leaving a remainder, as in the cases 
we have thus far tried. But, observe, this is not 
always, nav, this is seldom the case; and it is never 
a thing to be calculated on. So that the proper 
mode is, to proceed iu a method that will be clear, 
whatever the terms may be with which we have to 
work : and here is that manner of proceeding. 

25. In our experiment on the three terms, 15, 45, 
and 405, in order to find a fourth, we first sought the 
ratio of the second to the first, and then produced 
the fourth term by multiplying the third by that 
ratio. That ratio was 3. But, instead of an inttger, 
with which we can so readily multiply any number, 
suppose it were a mixed number, or a fraction, even 
a very minute and long fraction, as it might very 
well happen to be; suppose this were the case, how 
much more complex and difficult would be the pro- 
cess of multiplication ! 



AND OF THE RATIOS OF NUMliKHS. 



15 



26. To avoid this difficulty, to avoid the entangle- 
ment of a ratio of this sort, we defer the process of 
division, from which process only can the fraction 
arise, and instead of the division, we perform the 
multiplication first, and the division afterwards ; and 
the result is the same. For example, in this instance 
of the three terms 15, 45, and 40d. It is the same 
thing if, instead of multiplying 405 by the ratio 3, 
which is one fifteenth part of 45, the same thing if 
we first multiply this term by the 45, and then, hav- 
ing thus made it fifteen times too large, divide it by 
this 15; that is to say, we have the same result if 
we multiply the second and third terms together, 
and divide the product by the first. And this is 
the Rule ; this, when the terras are properly placed, 
this Multiplying the second and the third 

TERMS TOGETHER, AND DIVIDING THE PRODUCT BY 

THE first, avoids all the difficulties arising from the 
•ccurrence of fractions in the course of the process, 
nd gives us, in all cases, any proportional terms we 
may require. This is the Rule of Proportion, 
commonly called the Rule of Three ; and, in their 
admiration of it, and in testimony of their sense of 
its great value, the learned of former times bestowed 
on it the name of Golden Rule ; a title which on 
iccount of its extensive usefulness it richly merits. 



OF FRACTIONS: 

THEIR NATURE, MODE OF STATEMENT, Sec. &c. 

27. This word. Fraction, like many other of the 
terms used in our art, comes from the Latin : and it 
is useful, occasionally, to attend to the derivation of 
a word, hecause it oftentimes not only gives us a 
clear insight into its meaning, but, also, fixes that 
meaning permanently in the mind. Fraction, comes 
from the Latin word Jractus, that is, broken ; or, in 
other words, a part. And, as it is used to describe 
a part, merely, of any thing that may be the subject 
of consideration, so, if we be speaking of certain 
weights, as three ounces and a quarter ; (that is, a 
quarter of an ounce,) this quarter, being but a part* 
is called a fraction : do we speak of seven pounds 
and a quarter, then, this "quarter" is also a fraction: 
only observe, that, meaning, as it would, a quarter 
of a pound, so it would be called a fraction of a pound, 
whilst the other means a fraction of an ounce. 

28. Thus, PARTSof any thing, whether of weights, 
of measures, of money, or of periods of time; parts, 
whether large, or small ; as halves, quarters, eighths, 
sixteenths ; or, in short, any portion short of a 
whole, is a fraction ; and the treatment, or the work- 
ing of these parts in numbers, is called the working 
of fractions ; whilst, in order to distinguish them 
from these Fractions, the numbers of which we 
have heretofore treated, are called integers, or 

WHOLE NUMBERS. 

29. Now, as to the working of fractions, every 
body knows, that four quarters make a whole ; that 
three thirds, that two halves, that five fifths, or six 
sixths ; every body knows that each of these make 
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who)? : and it requires very little more knowled; 
to enable us to say, that three halves make one e 
a half; that five quarters make one and a quarter; 
that seven quarters make one and three quarters; 
that nine quarters make two and a quarter ; and so 
on. Well, but all these are examples, though very 
simple examples, certainly, of the Addition of 
Fractions. 

30. To give a few examples of the subtraction 
of fractions : every one knows that if we take one 
half from three quarters, one quarter will remain; 
that if we take a half from five quarters, then three 
quarters remain; and it requires but very little more 
knowledge to say, that if one half be taken from five 
eighths, then one eighth will remain ; a quarter from 
seven eighths, five eighths remain. 

31. As to the Multiplication of Fractions, 
every one knows, that six halves make three wholes ; 
and, that twelve quarters come to the same thing ; 
that fifteen quarters make three and three quarters, 
and that seven thirds make two and a third. 

32. For examples of Division; who does not 
know, that if we divide three quarters by two, we 
have, for each portion, three eighths; that, if we 
divide seven halves by two, that then we have, as 
the result, seven quarters, or one and three quarters ; 
that nine tenths, divided by three, would give us 
three tenths, for each portion. And this is a simple 
exhibition of the Division of Fractions. 

33. To complete the view, I think it just now re- 
quisite to take of this subject of Fractions, attend 
to the mode of stating them, and to some other par- 
ticulars respecting them, as here described. 



34, Fractions, as I have stated, are 



parts: and- i 



18 OF FRACTIONS. 

as I have likewise stated, parts of every size, as, one 
half, one third, one fourth, three fourths, four fifths, 
seven eighths, or, in short, any other conceivable 
quantity, either small or large, as one thousandth 
part ; or, as nine hundred and ninety-nine such parts, 
each of these quantities is a Fraction. Now, then, 
as to the mode of statement ; if you look attentively 
at the words in which the above fractions are des- 
cribed, you see that there are two terms employed 
in each of them; that is, one, and, half; then, one, 
and, third ; then come, three, and, fourths ; and so 
on. And just so are these several quantities ex- 
pressed in figures; only with this slight addition, 
that a small line is drawn between the two figures ; 
and, with this further observation, that the two figures 
be written, not after one another, thus, 1-3, but that 
they be written smaller than your other figures, and 
the first of them over the other, thus, y ) ^J" Jjgjt 
And, in this manner may every arithmetical fraction 
be expressed. 

35. There being, however, no figure called half 
one half is expressed thus, - 2 - or, a half being two 
quarters, it may, very correctly, be thus expressed -*- 

36. Some of the other Fractions recited above are 
thus written, three fourths, four fifths, seven eighths. 
Now, for example, to observe on the last of these, 
that is to say, on the -g t Each of the figures by which 
it is expressed fulfils a certain office, and has its ap- 
propriate name : a quantity of any kind, as a yard, 
a pound, or an hour, may be divided into any num- 
ber of parts : and in this Fraction, it is stated to be 
divided into eight parts; and the figure 8 denomi- 
nates, that is to say names what is the value of the 
parts spoken of; it denominates these parts, and is, 
therefore, called the Denominator. And, now, what 
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number of these eighths are they that constitute the 
quantity described By this fraction ? The other figure 
tells us this ; the figure 7 gives us this number, and 
it is, therefore, called the numberer ; or, from the 
Latin, Numerator. And, so these are the terms, 
these are the uses of the two figures employed to 
describe every fraction ; that is to say, Numehatok. 
which describes the number of parts, and Denomi- 
nator, which denotes the quaidity of those parts. 

31. Another point to be observed here, is thi 
Arithmetical Fractions, speaking as they do of pa 
of any thing, are always understood to be speak 
of equal parts. But a thing may he divided i: 
Unequal and irregular parts; as, for instance, 
pound weight may be broken into eight parts, eacl 
different from all the rest in quantity. And 
person were to speak of three, five, or seven parts of 
this sort, we should have no certain, no clear com- 
prehension of the quantity he might mean ; and 
certainty, and clearness, arc the very life and soul of 
Arithmetic. This clearness, this certainty is attained, 
by its heing always intended, and always understood, 
that the parts spoken of in any fraction, are all equal 
one with another. 



38. As I have stated, a quantity may be divided 
into any conceivable number of parts; and it is the 

E roper office of a Fraction to speak of some quantity 
!ss than the whole, even though it be hut one thou- 
sandth, or one millionth part less. However, it is 
sometimes convenient to speak of things, and even 
to write them down otherwise ; as, instead of saying, 
a penny halfpenny, we say three half-pennies. Dra- 
pers talk of their cloths being four or five quarters 
wide, of blankets, and counterpanes, and table cloths, 
being twelve, fourteen, fifteen, &c. quarters square ; 
meaning, quarters of the yard. And this mode of 
speaking and of writing may be useful in other 



id 



» OF FRACTIONS 

affairs. Now, although we do not write down t 
half-pence thus. 4, DUt do '* ^"S- 4 d - that is ^ < 
penny and a half, yet Drapers write the quantities 
have spoken of thus, -^ 4, ". V, T- ■ And tllis ' 
stated above, is more convenient to them, being, i 
only conformable to their mode of speaking, but s 
shorter than writing, as they otherwise would 1 
to do, in the (wo latter cases! 3£ yds. 3\ yds. 

39. On looking at the Fractions written down in 
the last paragraph ; on looking at *- -j -f m -r j- ynu 
again observe, that these express something more 
than a part, and all of them, except the first, some- 
thing more than u whole, although, in the outset of 
the same paragraph, I have stated, that it is the 
proper office of a Fraction to speak of some quantity 
less than a whole. And so it is. And in conformity 
therewith, when a fraction is expressive of a whole 
quantity, or of anything more than a whole, which 
quantities it is frequently convenient to express in 
this manner, wheu a traction thus expresses more than 
a part, it is called an improper fraction. So 
Fractions, properly speaking, are those numbers 
which describe less than a whole; and in which, 
therefore,", the numerator is less than the denomi- 
nator : whilst improper Fractions are those which 
describe as much as, or more than a whole ; and in 
which, therefore, the numerator is equal to, or greater 
than the denominator. 

40. One other particular remains to be observed 
on before we dismiss this article on the nature, &c. 
of Fractions ; and this is, to impress on your mind, 
the propriety of confining yourself to the use of the 
smallest figures or terms, by which you can express 
the quantity you speak of. Three-sixths, for instance, 
are one half; six-eighths, are merely three quarters, 
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as are nine-twelfths, and fifteen-twentieths. Do you, 
therefore, always, in such cases, say and write down, 
one-half \, and three-fowrths £ ; leaving it to others 

to talk about, and to write -^ three-sixths, -£ *&?- 

eighths, Yg nine-twelfths, and so forth ; leave this mode 

of speaking and of writing to people who talk of three 
parts, and so on, without telling us what is the size, 
what the quantity of the farts about which they are 
babbling. 

It has, I find, become expedient to state, that 

these Articles on Fractions, both vulgar and decimal, 

together with that on Proportion, and the lesson on 

Duodecimals ; it has here become expedient to state, 

that these Articles have not altogether been written 

for this work, otherwise I should not, in the examples 

and illustrations, have employed quantities in money, 

but rather quantities such as those ennumerated on 

the title of the Book; these Articles, with some 

alterations, are from a small work which I published 

some time ago, entitled " Lessons on Arithmetic." 

They contribute to the completion of my design in 

this work, and it would be a superfluous labour to 

make an alteration where no good could arise. 



OF FRACTIONS. 

THEIR ORIGIN, REDUCTION, ADDITION, SUBTR 
TION, MULTIPLICATION, and DIVISION. 

41. Fractious present themselves under various 
forms. They sometimes appear amongst the terms 
of a question or proposition ; hut in ordinary con- 
cerns of business, saving the simple fractions, halves, 
quarters, and eighths, they seldom present themselves 
except as remainders, in operations of division. To 
give a brief and simple instance ; have we to divide 
£ 109. 10s. 2d. by 6; we have, for the quotient 
£ 18. 5s. O^d., and a remainder of two farthings 
yet undivided, the sixth of which we must annex to 
the quotient, before the division be complete. Now, 
how to do this, is a point in fractions ; this remainder 
is but 2 fourths, and how shall we divide it by 6? 
The fact is, we cannot so divide it : but we can do 
something else, equally efficient ; we can express 2 
sixths of a farthing as we have just expressed the 
fourth of a penny, by writing it after the farthing thus 
4 "6". But, hear in mind, that although this may be 
done, it is not the proper method of stating such a 
matter, for we have now two of those broken quan- 
tities which arithmeticians very wisely seek to avoid ; 
and, two fractions, with different denominators ; and 
to complete the difficulty, one of these fractions is a 
fraction of the other! a thing never to be permitted 
to stand. A single fraction we cannot avoid, in such 
a case; but a single one is nothing; it is the two; 
and especially, the having one of them a fraction of 
the other, that would make an arithmetician start 
from the work. So, how to avoid it is the question. 
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Very easily ! Having reduced the two-pence ini 
farthings, and finding, that although you have it 
thus reduced, to the lowest denomination, jronr divi- 
sor will not evenly divide it, you express the quotient 
of 2 pence divided by 6, thus, 6 d. or < ratner jj_ ami 
1 then you have, as the exact quotient £ 18. 5s. O^d., 
which, like all quotients, if multiplied by the divisor, 
will reproduce the dividend. 

li 



I 

t 



42. This is saying a great deal about a trifle, it 



may be said. But f am not saying all this about 
the third of a penny ; it is on the origin, and on the 
treatment of arithmetical fractions, that I am speak- 
jj ing. And, besides laying a solid foundation for more 
important matters, we have, in this trifling instance 
seen, not only how fractions commonly originate, 
and what is to be done with them in certain cases, 
but, likewise, what is never to be done with them in 
any case : a kind of learning which is never to he 
despised. 

4vt. These fractions will occur. You can seldom 
divide any sum, except those that are fabricated or 
selected, for the purpose of being evenly divided, 
without these troublesome guests. They will in- 
trude in reckonings in real business. And, as it 
is for real business, that I would prepare the reader, 
I must teach him to deal with these troublesome 
visitors, called fractions, which present themselves 
in various shapes; even the same value appearing 
under an endless variety of forms. As, for example, 
a halfis expressed by any fraction, the denominator 
of which is twice the numerator ; and a third is des- 
cribed by any fraction, the denominator of which is 
' rice its numerator, let these denominators and nu- 
icrators be what they may. 

44. Did fractions occur, only as halves, quarters, 
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fifths, eighths, and so on ; did they appear with only 
one figure tor a numerator, and one for a denomi- 
nator, we should easily manage them ; but as they 
arise from the operations of division, and as the re- 
mainder left on our hands after such an operation 
becomes the numerator of a fraction of which the 
divisor is the denominator ; and as, in cases in which 
the divisor is a large number, the remainder may be 
large also, so we sometimes find ourselves encum- 
bered with a fraction, a thing of small value, but 
described in two long lines of figures. 

45. But the same value, as I have said, is often 
expressed by a short fraction, as by a long one; 
as, for example, - describes as much as - . - "i/H s"' for 

i both these expressions, the numerator is one fifth 
of the denominator; and the quantity described by 
each is, consequently, a fifth, merely, of one whole. 
But, how much more convenient is the shorter, than 
the longer expression ! Hence, in all cases, to employ 
the shorter expression, as inculcated in paragraph 
40, is a settled law amongst arithmeticians. 

46. Fractions are sometimes to be added together, 
and sometimes to be subtracted from each other. 
For instance, suppose that, after some operation in 
long division, the divisor being 181200, we find our- 
selves with a remainder of 144960 ; which gives us 
this fraction \^ w ; and then suppose also, that by 
another operation we have this fraction ^ and 
that we have occasion, as may frequently be the case, 
to add these two fractions together ; that is, in tact, 
to ascertain how much the two broken quantities ex- 
pressed by these figures will amount to, when put 
together 

47. Now, how to add these two fractions together, 







the 
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s the question. To do so with them in their pre* 
form is impracticable. A description of them 
words, would be more puzzling than are the figures, so 
let us, by way of illustration, use some fractions of a 
simpler form, but presenting a si milar difficulty ; let it 
be that we have to add together y and ,-.. Four lift 
we could add to two fifths, or to three fifths, or 
short, to any number of fifths, for it would hut be the 
adding together of so many fifths. But to attempt to 
aAA fifths i.o thirds, to fourths, to fifteenths, or to any 
other parts than fifths, would be an incongruity; 
that is to say, to add fractions together of different 
ienominn lions, is impracticable. Yet quantities, how- 
r different in size, may be added together, and the 
mailer may be subtracted from the larger; but hi 
ire the fractions, descriptive of these quantities, 
>e added or subtracted ? Thus it is to be done. 
They are to be brought into like denominations ; 
hat is to say, the parts, of which two or more frac- 
ions speak, are to be brought, or reduced, to the 
same size, or same value; and then you find no in- 
congruity in adding those parts together, as y and 
I make -| or one whole. Nor anything difficult in 
ubtracting the smaller from the larger, and having y 

s the difference. And vet these fractions t and 
3 4 

are in value, not only the same as y 5 and y, but the 

same precisely as the two long fractions stated in 

lie last paragraph. 

48. Thus, having fractions of one and the same 
denomination, we can work them together. In ad- 
lition, we add the numerators together, retaining the 
lenominator ; which belonging in common to the 
wo fractions, is called the common denominator. 
And in subtraction, also, as in whole numbers, we 
ubtract the smaller number from the larger ; that 
is, the smaller numerator from the larger, and to th e i 
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fference, we put the common denominator. But 
to bring fractions of different denominators thus to 
have a common denominator. This is called 

REDUCTION of FRACTIONS. 

49. This is every thing, in these numbers. As t 
their addition and subtraction, you have just seei 
that these are merely the addition and subtraction c 
numerators ; and the multiplication and division i 
them are much the same; and so far as matters i 
business require, they are quite as simple. It i 
reduction of fractions that is every thing; the re- 
duction ot them in two ways, and for two different 
purposes. First, there is the bringing of fractions 
of ilijjerent denominations into the same denomina- 
tion, in order, as you have seen, to prepare them for 
addition and subtraction: and second, there is the 
reduction of them, from long and inconvenient num- 
bers or terms, to their shortest andmost compact form. 

50 A fraction expresses a part, orparts, of a whole; 
and its numerator always bears the same proportion 
to its denominator, as the part described by the trac- 
tion bears to the whole thing spoken of. This point 
needs 110 illustration here. The numerator, therefore, 
and the denominator of a fraction, bear a proportion 
towards each other. But the proportion of numbers 
is not altered, as shown in paragraphs 12 and 13, by 
their being multiplied, ordivided, provided that they 
be multiplied, or divided, by the same number. As, 
if We multiply both the terms of the fraction, y, by 8, 
it remains unaltered in its value; it being then -^; 
the numerator half of the denominator ; so, if we 
divide these two terms by 4, we have ^, which ex- 
presses the same thing. And thus it is with any 
fraction, whether the figures by which it is described 
be few or many. This point, of the value of a frac- 
tion being unaltered by the equal division ormultipli- 
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ration of its numerator and denominator; this poic 
being established we are led very easily to the tw 
methods of reducing fractions. 

51. And first, as to the reduction of fractions to 
the same denomination. Let it be that we wouh 
thus reduce -s and -^, Beginning with the first i 
them, let us multiply both its terms by 6 ; we have 
ijl aud now let us take the other, that is the -x t 
multiply both its terms by 2; we have , 4 ,. The iirac 
tions are now both of one denomination, and thei 
value is unaltered. And how has this been accom- 
plished ■? Look at the terms before, aud after they 
were reduced, and you will see that it has been 
accomplished by multiplying both the terms of each 
fraction by the denominator of Us 
neighbour. And thus it is, that any g- "a : 13 
two fractious, without altering their 
value, are to be reduced to the same denomination 
that is to say, by multiplying the two terras, that 
the numerator and denominator of each fraction, by 
the denominator of the other. 

52. Nor is it with two fractions merely that this 
method is to be pursued. The same treatment will 
reduce any number of fractious to a common deno- 
mination ; as, for example, in order to keep the 
matter as simple as possible, let us add one other 
small fraction to the former; let us take these three 



to be reduced to a i 

Now this is the method of stating 
such an operation with clearness. 
And, when you have the fractions 
thus reduced, if you have done it for 
purpose o!'adding them together, 
which is almost the only purpose for 
which you can have thus to reduce 
tkree or more fractions, you state 
them as you see here below ; the nu- 
merators in a line, with the sign of 
addition between them, and below 
the line, and about the middle, yon 



mmon denominator „■ 6 

sw denominator. 
X 5=60 




2X 

For the numerators. 
1X6X5 = 30 
2 x 2 x 5 = 20 
3 X 2 X 6 = 36 

30 + 



2* REDUCTION 

Write the common denominator, MM only, however many llie 
fractions may be. And then if you would bring the whole into one 
fraction, it is done, as you see, by adding the Inn.' of numerators 
together, and by writing the common denominator, ins 4 he proper 
form, under the sum of them. 

53. As to the Principle of this reduction, it has 
already been adverted to ; but to state it more ex- 
plicitly. For a common denominator, we multiply 
all the denominators together ; that is, we multiply 
the denominator of the first fraction, by those of 
the second and third ; ana were there yet more, we 
should go on, thus multiplying them. Having done 
this, having thus multiplied the denominator by cer- 
tain numbers, in order to keep the value of the frac- 
tion unaltered, we multiply the numerator by the 
same numbers. Now these numbers arc, the deno- 
minators of the other fractions ; and thus it is, that 
multiplying all the denominators together for a 
common denominator, and the numerator of each 
fraction by the denominators of the others, brings 
any number of fractions into one, or common, deno- 
mination, without altering their value. 

PROPOSITIONS, &c. 

(') Reduce ™ -J and -* to one denomination. 

(2) Reduce -^ jj and |- to a common denomini 
tion; and state the sum of them. 

(3) What is the sum of JJ -| { and f ? 

You will, of course, first reduce fhese fractious to i 
denominator; and then adding the numerators together, will place 
the sum of the m, in due form, over that denominator. 



an so 13 ■ 

(5) Reduce H and -\ , and subtract the smaller 
from the larger. 
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(6) What is the difference hetween ., (| an 

(7) Subtract gfiomg. 

(8) Subtract ^ from § . 

54. As for the reduction of fractions, from Ion: 
and inconvenient terms, such as you will find on you: 
hands after each of the foregoing operations, it ii 
dime thus. We have fully established the principle, 
that the division of the terms of a fraction, provider, 
that both terms be divided by the same number, make; 
no alteration in its value. On this principle, then, 
it is, that the terms of fractions are reduced. We 
divide those terms, when they will evenly divide, 
until we briny: them to their shortest numbers. Some 
terms, or numbers, will not divide by any other num- 
ber; such terms are called primary, or primes. 
And, when both the terms of a fraction, or indeed, 
when Ike larger term of a fraction is a. prime num- 
ber, there is no reducing that fraction. For instance, 
here is a fraction, the larger term of which is of 
this description -^^. As for the smaller of its terms, 
no number whatever will divide more easily ; but 
because the larger will not divide, this fraction can- 
not be reduced : But make this stubborn number the 
smaller term of a fraction, and let it be one of the 
submultiples of the larger term, and then no fraction 
will reduce better. For let the fraction be —■ ; 
and seeiug that the smaller of these terms is one 
third of the larger, ^ is the proper representative of 
this long fraction. 

55. When the numerator of a fraction will thus 
evenly divide its denominator, we deem it fortunate ; 
for it brings the denominator at once to its lowest 
possible term, and makes the numerator only a single 
unit ; J? so reduced, is -i- . And were the terms 




inverted thus, •=, that is. were it an improper frac- 
tion, dividing the larger term by the smaller gives 



us -j, or rather 9; 



becomes |> and - 



-=*• 



56. In fractions such as the shorter of these, we 
can see at a glance, what numbers will divide them ; 
and a little consideration will sometimes enable us 
to discover, almost without trial, what number will 
divide the terms of a long fraction. But it would 
not do to rely thus on our sagacity ; we must have a 
rule ; and, accordingly, we have one, by which, to a 
certainty, we can find the best, that is the largest 
divisor for the two terms of a fraction : or find, also 
to a certainty, if the terms cannot be divided. The 
rule is this; Divide the larger term by the smaller, 
and if it leave a remainder, bring down the smaller 
term, that is the last divisor, and divide it bv the 
remainder ; and if, again, this leave a remainder, 
bring down the former remainder, that is, again, the 
last divisor, and divide it with the last remainder; 
and so you proceed, dividing the larger term by the 
smaller, and the last divisor, by the the last remainder, 
until you have no remainder left ; (for to this it will 
come) and your last divisor, which is also your last 
remainder, will divide both terms of your fraction ; 
that is to say, it will divide them it" it be a number 
that has the powerto divide : but if the process bring 
you down to a single unit, which has no power of 
division in it, then you must conclude that your frac- 
tion stands already in its shortest terms. A few 
examples will be useful, therefore I annex them. 



Thus the numerator is found 4 times in 
the denominator ; that is to m the nume- 
rator is only one fourth of the denominator, 
J, therefore, ia the reduced fraction. 
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362-}0)181200|$ Or it may bestated 
181200 as follows, and then 
the tnc-iming is some- 
what more obvious. 




I 



ret, 
wh 



to its lowest terms. 



In this third example we have, after the 
1812 ] 3624 (2 first division, a remainder of 1812, with 
3fi'21 which, according to The Rule, as laid 
down in the last paragraph, we hud lo di- 
vide the former divisor. Having done 
this, and having no remainder, this 1812 
Btanda our last remainder and last divis 
and it will, therefore, according to the Rule, 
divide both terms of the fraction, and re- 
duce them to their smallest expression. 
As here shown. 



57. With regard to the Principle on which this 
divisor for tivo numbers is discovered, it is 
this. Taking the third of the foregoing cases for 
our remarks : In 19932 we find, that 3624 is con- 
tained 5 times, with a remainder of 1812. This 
remainder we afterwards find is half of the divisor ; 

t that divisor whs found 5> times in the larger num- 

■r and this remainder over: then this remainder, 
which proves to he half of the divisor, will be found 
ten times in the large number, and once over ; ten 
and one are eleven ; therefore this remainder is to 
be found eleven times in the larger number; and 
being the half, that is, being found twice in the 
smaller term, without leaving a re- 
mainder, it is a common divisor for , 3024 ( 2 
both terms, and applied to those * 8112 ) 19932 ( )7 
terms, it reduces the fraction as 

■U here see repeated. 
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to its lowest terms 





to its lowest terms. 

lastremain-g) 3626 (1813 

small os two. ) 19942 [9971 

(2 This, therefore, is the 

(24 only number with which the terms of this 

~ r 2) 1812 fraction can be divided. And this ex- 

— gTj^- ample shows, that it is desirable, to have 

a large remainder, wherewith to reduce 

the fraction. 



Here our last remainder is one. In the 

1 9937 ( 5 example just before we saw that it is de- 

[8125 sirable to have a large remainder, seeing 

iyi2 1 3|52,5 I 2 ' nat 2 is of so little efficacy in reducing 

3624 * ne ternls °' H l° n o fraction. But here we 

- have only one for a remainder, a number 

1 of no efficacy whatever. This one, aa 
stated in THE Rule, is an assurance tous, 
that there is no number by which both 
terms of this fraction can be divided 
assurance, therefore, that the fraction 
already in its lowest terms. 



On the Multiplication, and the division of 
Fractions I have to add a few words. The pro- 
portion which the numerator of a fraction bears to 
the denominator being the index of its value, is it 
not manifest that to alter that proportion, will alter 
the value of the fraction ? Now a fraction ex- 
pressive of a half, is any fraction the numerator of 



, 
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which is half the denominator. Well, then, suppose 
■e have to multiply such a fraction by any number, 
ly by 3; is it not plain that this multiplication, that 
s to say, this increase of the value of the fraction 
will be effected, either by multiplying the numerator, 
ar by dividing the denominator by the 3 ; for either 
if these so alter the proportion between the terms of 
he fraction, as to make it express three times its 
brmer value ? And Division of Fractions is, of 
sourse, merely the reverse of this. Divide the nu- 
merator, or multiply the denominator, and the opera- 
ion is effected. 

59. Yes ; we can multiply fractions, and we can 
iivide tractions. And, indeed, he who has not fre- 
nent occasion to do both of these must have but 
ttle to do with arithmetic. But, strange to say, 
ifathematicians, as their books show, men of the 
rreatest eminence in the science, have taken a fancy 
o multiply, as they call it, and to divide, BY Frac- 
tions ! 

60. You cannot multiply by a unit, nor divide by 
a nnit ; and this you cannot do because it is so small, 
so powerless. How, then, can you multiply, and 
divide by something yet smaller than a unit ; how 
do these things by a fraction ! 

61. Am I referred to the cases in which, in duo- 
decimals, the square foot appears to be multiplied 
by its fractional parts of inches, twelfths of inches, 
and so on ; am I referred to these ? And then, again, 

the Involution of numbers, the raising of powers, 

which fractions appear to be employed as multi- 

iliers, — am I referred to these cases ? There it is 

hat the fallacy lurks ; and it is high time to dislodge 

The explosion of this long-prevalent fallacy, as 

mere occasion of exercising the reason, is well 

':hy of the time it will require. 



»orth; 
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62. Multiplication is a repetition, of a number, or 
of a quantity of some description. Augmentation, 
increase of quantity, is likewise required ; but there 
must be a repetition, or there is no multiplication. 
Hence one, which is no repetition, is no multiplication; 
and the unit one is no multiplier. Two signifies 
repetition. One and a half ? The half is not a 
repetition, and therefore there is no power of multi- 
plication in it; nor is there sueh power in any of 
fraction. Let it, for instance, be, that we 
would multiply fifteen yards, fifteen feet, 
fifteen pounds, or fifteen of any article, by 
14- We may indeed, as is done here in the 
margin, make a pretence of multiplying by 
the I£. But no man does it so. Nor is it, 
as is abundantly obvious, anything save an 
addition of the fifteen halves, as shown in 
the second statement. 

63. It is the same in all other cases of increase, 
or augmentation by fractions combined with 

whole numbers. There is nothing of the 15 

nature of multiplication in it. It is whole -J %U 
numbers only, that have the power of mul- ?5 " 
tiplication. And there the fine is drawn. 
Integers have power; Fractions have 
none in the way of multiplication. 

64. Still, am I referred to the cases in which frac- 
tions of a foot are employed as multipliers ? How 
consistent, how harmonious, how powerful is truth ; 
and how triumphant the answer ! So far from having 
the power of producing a repetition, an augmenta- 
tion, a multiplication; so far are fractions from 
possessing this power, that feet multiplied — as it is 
found convenient to term the process — feet multiplied 
by inches become inches ; teet multiplied by parts 
become parts ; and multiplied by twelfths of parts, 
twelfths of parts do feet become. But, although, as I 
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liave said, we find it convenient thus to "term the pro- 
cess" of multiplication, where parts or fractions are 
concerned, it is not in these, more than in other cases, 
a multiplication BY the parts, but in reality, a 
multiplication OF the parts by the larger or integral 
denomination. There are the length and the breadth 
if some superfice to he multiplied together, these 
two dimensions may each contain feet, inches, and 
parts : For the convenience of the operation we place, 
as in other cases of multiplication, the figures de- 
scriptive of one of these dimensions under those 
pinch describe the other, and so proceed in the 
peration. But in this, as in all cases of multiplica- 
ion, it is a mere matter of convenience to call this 
igure or that the multiplier ; the fact is, the larger 
" nomination is the multiplier, whether it stand 
tove or below ; and this is demonstrated in the 
ive paragraphs preceding 117, in which individual 
n-agraph the whole process of the matter is sum- 
ed up. 



65. Again, however, am I referred to the Involu- 
tion of numbers, as furnishing instances of multipli- 
cation by fractions % Here, again, how complete is 
the answer. Look at several instances of such invo- 
lution, commeucing with paragraph 155, throughout 
which paragraphs the operation, in fractions, both 
vulgar aud decimal, is duly investigated, and made 
palpable to the sight, as well as to the understanding; 
aud see, if you please, paragraph 173, with which 
this discussion is concluded. 

66. "Yes," as I said in the outset of this enquiry, 
we can multiply fractions, and we can divide frac- 
tions." But it is pure nonsense to talk of multiply- 
ing or of dividing by or with fractions : for, as to 
the question of dividing by fractions, it is now 
unnecessary to enter into that, seeing that division 
is a mere inversion of multiplication, and that the 




Em»MB soda ■ut io« s aw; bid sot merely 
They are prrnirwi«i as ts all error ; and 
ion* when it praents itsell in the imposing 
garb of science ; and in this, too. of mathematical, the 
moat imperioo* in its authority of all the sciences! 
attempt to enumerate the authors who 
tanced this error, bat I believe it has been 
the writers on Arithmetic, from Leonard 
Dioaisins Lardner, and to Augustus 
de Morgan of the London University. Suffice, how- 
ever, for oar purpose, the first of these authors, so 
celebrated for his researches, and his luminous expo- 
sitions of mathematical science. This distinguished 
man, whose works are pronounced by his English 
biographer to have been " the admiration and glory 
of Europe," Euler, in the English edition of 1 797 of 
his work on Algebra, has the following passage, 
paragraph 111. "The number 100 divided bv £ 
will give 200." — 200 what t the sensible reader will 
ask. But be tells us not that they are 200 halves. 
On the contrary, we are left to receive them as 
integers. And then, in continuation, Euler proce* 
" and 1000 divided by £ will give 3000. Further, 
it be required to divide 1 by t^, the quotient would 
be 1000; and dividing 1 by |—^, the quotient is 
100000." And then he gravely adds, '"This enables 
us to conceive that, when any number is divided 
by 0, the result must be a number infinitely great; 
for even the division of I by the small fraction of 
TTii xxxKHJ oo* gives for the quotient 1000000000. 
The mind must sink, must become impaired ._ 
disordered when, abandoning the use of its senst._ 
Mbandoniug its healthful exercise in the contempla- 
<>>"» of the realities around us.it devotes itself to the 
luiiln attempt to "conceive" such baseless, such 
l-auutiMii. Hin-h nonsensical speculations. 
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OF DECIMALS. 



8. Need I say a word in justification of t 
somewhat elaborate enquiry into a point, in soi 
respects of minute importance? There has been the 
wholesome exercise of the mind in the course of the 
enquiry ; and the result is a clear and determinate 
idea of the nature and of the process of working in 
fractional quantities. 



OF DECIMALS : 

THEIR NATURE, USES, AND MODE OF STATEMENT. 



I 

me 



69. These also are Fractions, or parts of whole 
numbers. And the difference between these and the 
fractions treated of in the foregoing lesson consists in 
this ; that, whereas those express parts, as halve; 
thirds, fourth, fifths, and so on, in figures closely 
conformable to the words by which we describe thi 
same parts, Decimals always describe the parts of 
which they treat, as tenths, hundredths, thousandths, 
and so on; that is, indeed, as tenths: and, hence 
their name, which comes from the latin decern, ten; 
or from decimetre, to divide or separate into tenths. 
Again ; the Fractions treated of before, being noted 
down in figures so conformable to the words by which 
they are ordinarily described, and being, therefore 
more readily applicable to ordinary affairs, ■ " 
when we would distinguish them from the fraction; 
of which we are now to treat, are called Vulgar 
Fractions; whilst these, for the purpose of distinc- 
tion, are called Decimal Fractions. 
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70. Decimal Fractions ; or, as we will now call 
them. Decimals, admit, in most cases, of a much 
simpler and readier mode of statement, and of a 
much simpler and readier mode of being worked, 
than do vulgar fractions : and they are, in such cases, 
on these accounts, to be preferred. 

71. The purposes, moreover, for which they are 
more particularly useful, are those nicer, and more 
extensive processes of calculation, to which the 
astronomer, the geographer, the engineer, the sur- 
veyor, and the chemist, have frequent occasion to 
resort. The notice, which, in this work, I shall 
think proper to take of Decimals, will serve to pre- 
pare persons for any of these professions; will serve 
the man of business, who may occasionally employ 
them in his reckonings ; and will be further useful, 
as a means of explaining some few points on other 
matters, of which I shall hereafter treat. 

72. With regard to the greater simplicity of state- 
ment, of which I have spoken above, it consists in 
this, that whilst, in the notation of vulgar fractions, 
wc have to write down two lines of figures, the one 
descriptive of a numerator, and the other of a deno- 
minator, in the notation of a decimal it is sufficient 
to write down the numerator only, the parts enume- 
rated thereby being, as I have said, always tenths, 
or ten tenths, or ten times ten tenths, or so on, 
short, the denominator of a decimal being alwa' 
understood, it is unnecessary to write it down; 
value being expressed by the numerator alone. 

73. There is yet, however, to be noticed, some- 
thing in the situation, and in the manner of writing 
down the figures expressive of a decimal ; and I go 
into the notice of these particulars with great pleasure, 
because they serve to exemplify still further, the nice 
order, and the great beauty of the science of numbers. 
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74. In the notation of whole numbers, as the 
;anier knows, the figures placed next to the Tight 
land represent units, those next before them repre- 
senting; tens, and so proceeding, they rise in value, 
ten-fold at every step : and, now, mark the neat- 
ness and beauty with which parts of these numbers 
are expressed by decimals Take a figure, or line 
of figures descriptive of whole numbers, make a 
point, a full stop, after the figure which occupies the 
unit's place, and after this point, that is, lower down 
even than units, in the scale of places, write down 
the numerator of your fraction ; that is to say, so 
write it down if it be a decimal ; which is a fraction, 
the denominator of which is ten, or some mutiple of 
ten. And the numerator so written below the unit's 
place, however large and numerous the figures of 
which it may be composed, represents something less 
than a whole ; it represents merely a fraction; and 
it represents this decimally. 

75. For example. Let the number, with its frac- 
tion expressed in the ordinary mode be this 2517 ~ ; 
the same is expressed thus, 2517.7, the fraction 
being stated as a decimal. Where the fraction -ttuj, 
it would he thus, 2517 . 17. Where it ^J, it would 
stand thus, 2557. 176. And as the value of any de- 
cimal figure is determined by its approach to, or its 
distance from, the place of units, so ciphers placed 
after the units, and in the higher places of decimals, 
and thereby driving the significant figures lower 
down, ciphers so placed diminish the value of such 
significant figures. As, to recur, for instance, to the 
first of the foregoing examples, had the decimal .7 
stood thus . 07, instead of seven tenths t^, it would 
have been only seven hundredths, -r^ . And the 
second example, instead of being seventeen hun- 
dredths, would, if written thus, with a cipher before i 
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it, .017, be reduced to only seventeen thousandths ; 
for so these decimals are called : and, when written 
as vulgar fractions, they are thus written ~. 
However, and do you be careful to mark it ; important 
as the cipher is in decimals, when placed above any 
of the significant figures, it would be wholly unim- 
portant were it to occur at the end of, or below such 
figures. Between such figures it fulfils its office, and 
has its effect, as .107, which is tj^; but below 
them, thus , 170, it would signify nothing, but be a 
mere incumbrance, and ought not to be suffered to 



76. As you may thus turn certain vulgar fractions 
into decimals, by simply discarding the denominator, 
aud writing the numerator after, or below the unit's 
place, so the contrary change is to be effected, and 
decimals may be turned into vulgar fractions, by 
drawing a line underneath the figures thereof, and 
under this, writing the requisite denominator ; which 
denominator, as before stated, must always be 10, 
or some multiple of 10 ; and as to which of these 
it is to be, that is determined, in the manner which 
I am now about to describe. 

77. A fraction, you know, is a part ; and properly 
speaking, a fraction is always but a part; that is, 
something short of a whole. To describe such a 
part you were shown, in paragraph 39, that the 
denominator must always be something more than 
the numerator. Now, on converting a decimal into 
a vulgar fraction, you have to affix a suitable de- 
nominator thereto, and if you be couiined, as you 
must be, in this case, to the use of ten, or of some 
multiple of ten, you affix the proper denominator at 
once, by writing a unit, followed by just as many 
ciphers as there are figures in the numerator. This 
is done in the foregoing examples, in which the 
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decimal .7, is expressed -^; .07, thus ~ ; ihe 
decimal .17, thus ~ ; and .107 and .176, thus, 
jjjjjj . and | l ( ^ p . And this is the rule to be followed 
in affixing the denominator to a decimal ; that is to 
say, you annex to a unit the same number of ciphers 
as there are figures in the decimal. 



78. Now, as to the value of a decimal. Turning 
to paragraph 74, you are reminded, that in the nota- 
tion of whole numbers, at each step which any figure 
is advanced above the unit's place, its value becomes 
increased tenfold ; and in neat accordance with this 
principle do figures, as they take their stations below 
this place, decrease at each step, to just one tenth of 
their former value. Hence it is that . 7 is seven 
tenths; . 17areseventeen hundredths ; . 107 a hundred 
and seven thousandths, and so on ; the value of each 
number being only one tenth, one hundredth, or one 
thousandth of what it would he, were the figure de- 
scribing it written in the unit's place. 

79. In paragraph 69, having reminded you that 
vulgar fractions describe all manner of parts, in 
figures conformable to the words by which they are 
ordinarily described, I proceed to state that decimals 

^ always describe such parts as tenths, and so on. 
And thus are halves, quarters, thirds, and in short, 
all manner of parts described by decimals. The 
figure 5, written after what is termed the decimal 
point, thus , 5, expresses a half; for written as a 
vulgar fraction it stands thus, ^. A quarter of fere, 
which is two and a half, we cannot express in figures, 
otherwise than thus, 2£, which will not serve for a 

Iecimal, but a quarter of a hundred, that is 25, being 
whole number, will serve the purpose; so, be it a 
Barter of what it may, a quarter, in decimals, is 
ma expressed , 25 ; that is, twenty-five hundredths. 
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Three quarters, of course, then, are to be expressed 
. 75 : and if you describe these as vulgar fractions, 
they stand thus -^, -^-. And here, be it observed, 
is shown the reason of the rule laid down towards 
the close of paragraph 77 ; which rule is this, that 
on changing a decimal into a vulgar fraction, the 
denominator shall be a unit, followed by just as many 
ciphers as there are figures in the decimal. 

80. Halves, and quarters, as expressed by decimals, 
we have thus described ; and now for other parts. 
A tenth is, of course, expressed thus , 1 ; a fifth, 
thus . 2 ; the first of these being a tenth, and the 
other a fifth part of ten. A twentieth, thus . 05 ; a 
fiftieth, thus . 02 : for of these, the first is the twen- 
tieth, and the latter the fiftieth, part of a hundred. 

81. But, how may we express a third, a sixth, a 
seventh, an eighth, or a ninth l ( These are questions 
of moment. The fact is, that as neither 10, nor 
any of its multiples can he evenly and completely 
divided by 3, 6, 7, or 9, so neither can these parts 
be exactly expressed by decimal figures. However, 
though they cannot be expressed with perfect exact- 
wess, we can come within a thousandth part, a 
millionth, or in short, we can make as near an 
approach to the exact quantity as we may please to 
make. And thus it is done. Suppose we would 
have the decimal for J, we take the 1, that is the 
numerator of the fraction, and annexing thereto one 
or more ciphers, as 10, 100, 1000, 10000, then divide 
by the denominator 3, and the nearer we would come 
to the exact third, the more ciphers do we annex. 
Now, you know, that when you divide 10 by 3, you 
have a remainder of one ; thus you come at once to 
the third within one tenth ; add another cipher, 
making the numerator 100, and divide again, and 
again have you one left; but Oris One is only a 
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undredth : another cipher would bring you wit] 
. thousandth part of the perfect third ; and thus may 
you make as near an approach as you please to the 
quantity sought. Now let it be that we would come 
within a ten thousandth part : annexing four ciphers 
to the numerator, and dividing by the 3, 
it would stand thus, and the quotient, 3 ) 10000 
consisting of four threes, is the decimal 3333 

expression of a third ; but, indeed, two 
figures are generally deemed sufficient for the e: 
pression of any decimal. The decimal for a ninth, 
is a line of units ; that for a sixth, is a unit, followed 
by one or more of the figure 6; a seventh, if you 
would come within a millionth part, you will find to 
be . 142857. But, as I have stated, two decimi ' 
figures are generally deemed sufficient for all pra 
tical purposes; so . 14 expresses a seventh. 

82. Now the decimals of which I have thus far 
spoken are such as, when expressed as vulgar frac- 
tions, have for their numerator a unit merely ; and 
those spoken of in the last paragraph, as a third, a 
sixth, a seventh, and a ninth, have also this feature, 
that divide the numerator as often as you please the 
same figure recurs. To go on thus dividing, coming 
again and again to the same point, is like travelling 
in a circle, and from this circumstance it is, that de- 
cimals of this description are called CIRCULATING, 
or recurring decimals : of distinctions of this sort 
it is not necessary to speak further. 

; 3. With regard, however, to Fractions, the nu- 
merators of which are other than units, you arrive at 
the decimal expression of them by just the same 
process as that which I have described in paragraph 
81 ; that is, you take the numerator of the fraction to 
be turned into a decimal for a dividend, and adding 
thereto as many ciphers as you choose, you divide 
by the denominator, and the quotient will be the 
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decimal. As for example : Let the deci- ** ) 3000 
mal expressive of $ be required. It is ■ 375 

done thus. Is it required to find the 9 ) 5000 
decimal of ^? Thus it is done.— -555 

Again : suppose that we would have the decimal 
expresssive of ^ . Instead of working by Long Divi- 
sion, the better mode will be to divide by some sub- 
multiples or factors of the denominator 18 ; and this, 
in other cases, where it can be done, will be the 
better mode. Let us divide, then, by 
the sub-multiples 6 and 3; and it will 6 ) 70000 
stand thus. — And here it may be worth 3 i "Witi 
our observation, that whilst, in the first • 38tS 

of these three examples, we come, after 
three divisions only, to the perfect decimal expression 
sought for, there being no remainder after those three 
divisions, the latter eludes our search, by presenting 
a continued repetition of the same remainder. But 
this is a matter of little, or of no practical importance : 
we have already arrived at something less than one 
eight hundredth part of the exact quantity, and were 
it the fraction of a hundred weight that we were 
thus calculating, we are within about two ounces of 
the precise quantity ; and were this not near enough, 
we come within a dram and a half by only one 
division more. 

84. One other particular relating to decimals re- 
mains here to be noticed; and this, whilst it will 
yet further exemplify their nature, shows the ready 
usefulness with which they present themselves, on 
certain occasions. 

85. The learner already knows, that when we 
have to divide a sum by 10, by 100, or in short, by 
any multiple of 10, the operation is at once effected 
by a simple cutting-off, on the right hand of the 
dividend, of so many figures as there are ciphers in 
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the divisor ; as an example, let us take 628513, from 
which, when you divide by 10, you cut off the 3 ; 
when by 100, you cut off the 13; and had you to 
divide by 1000, you would have to cut off the three 
last figures, thus 62S-513. Now, observe, these 
figures, so cut oft', are decimals ; we are dividing by 
a thousand, we find in the dividend 62S thousand, and 
a remainder of & 13 ; that is to say, a five hundred and 
thirteenth part of a thousand ; and, written as a vulgar 
fraction, this remainder would stand thus, j^,-. 

86. Decimals, of course, like other numbers, may 
be added together, subtracted from each other, mul- 
tiplied, and divided ; and it is the ease and readiness 
with which, hy the use of these numbers, parts of all 
orts can be reckoned, that constitute the great value 
of decimals. A description of these processes will 
ebut a light matter. 
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OF THEIR AUDITION, SUBTRACTION, MULTIPLICA- 
TION, AND DIVISION. 



87. With any taste for order and simplicity, and 
exactness of statement, it is impossible to think of 
this mode of expressing, and of working fractional 
numbers without pleasure. And on sitting down to 
treat of the working of decimals, and to conclude 
what remains to be said on the subject, I abstain with 
difficulty from launching out into a new and eulo- 
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gistic description of these numbers. Our next step 
will be their Addition, Subtraction, Multiplication, 
and Division 

88. With regard to these operations. They are 
all of them performed precisely the same as in whole 
numbers, except that in stating the lines of figures 
for addition, and for subtraction, we are to range 
them, not as in whole numbers, the last figures on 
the right hand, in each line, right over each other ; 
but the decimal points, being the index of value, the 
figures are to be very carefully written so that these 
points all fall right under each other ; as you will 
see that they do in each of the following examples. 

89. Adding up these figures in the usual g9 
manner, you see! that those in the column " 753 
of the highest value amount to 17 ; that is, .014 
seventeen tenths of a unit. Now, seventeen 1 ■ 75? 
tenths are ten tenths and seven tenths ; ten 

tenths are one whole ; and as such, it is set down 
above the decimal point. And thus it is with these 
numbers. You have no improper fractions. As 
soon as, by addition or multiplication, you have parts 
sufficient to make a whole number, those parts, with- 
out any of the troublesome reduction required in 
vulgar fractions, quietly take their station on the 
other side of the decimal point, as whole numbers ; 
and are thus in readiness, either to remain, or for 
any further operation. In this second example you 
see the whole number arising from the addition of the 
decimals carried on, and. added to the in- _ -„. 
tegers. In short it is altogether simple 19 '753 
addition, only that we have the decimal 
point to be preserved in its proper place. 

90. As to subthaction ; it is nothing ! You write 
the numbers to be subtracted, underneath those from 
which they are to be taken, taking care to keep the 
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decimal points right under each other ; and then 
work as in simple subtraction. See two or three 
examples. 






.619 9.74315 

.216 5.58385 



! 



91. In multiplication we pay no regard to this 
matter, of ranging the decimal point of the multiplier 
under that of the multiplicand, but write these two 
terms under each other, as in simple multiplication ; 
and as you see them stand in the annexed example. 
Thus multiplying, we find the product 
as in whole numbers. Which, having .. fq „ 

done, we count the number of decimals 29 m 

that there are in both the •multiplicand 
and multiplier, and then, this number, 
of both together, we mark off for deci- 
mals in the product, and the figures to 
*ie left of the point are of course in- 
igers. 

93. However, there may be no integers. If there 
be none in the multiplicand nor none in the multi- 
plier, there will be none in the product. Take, for 
example, the decimal quantities, without the inte- 
gers, employed in the foregoing instance, 
and work them alone; And what is the .5943 
result ? In this result we have only five .. '. ' 
figures ; whilst, in the multiplicand and the 594 3 
multiplier, together, there are six figures. 095088 
How, then, are we to fulfil the direction in 
our rule, which direction requires us to mark off, for 
decimals, after the process of multiplication, the 
same number of figures in the product, as there are 
in both the multiplicand and the multiplier; how, 
in a case of this kind, are we to fulfil this direction "? 
The rule is, to affix a cipher or ciphers, sufficient to 
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make up the number of figures, and then to set the 
decimal point. But, to which end of the line of de- 
cimal figures is this addition of cipher or ciphers to 
he made ? This is a question of moment. And it is 
thus determined. Ciphers following, that is standing 
to the right-hand of decimals, have no meaning, are 
mere incumbrances, as is shown in paragraph '75 ; 
these additional ciphers, therefore, as they have an 
office to fulfil, must of necessity take their place on 
the left-hand ; thus lowering the value of the deci- 
mal product; as is shown in the example. 

93. But this multiplication of one decimal by 
another decimal ; this multiplication, as we must 
needs at present call it, of mere fractions, whether 
vulgar or decimal, is a mere trifling with figures, 
having no application to any end whatever, being of 
no use whatever ; and being, in fact, as, in paragraphs 
59 to 68, I have proved, not a multiplication ; this 
mere playing with figures has no appropriate name; 
because indeed, that the process is useless, and d( 
serves no name. 



94. It is true, however, that in the Involution 
numbers, there may be use, and there is meaning, in 
the multiplication of the two terms of a fraction into 
themselves ; the numerator into itself, and also the 
denominator, expressed, as in vulgar fractions, or, as 
in decimals, understood ; there may he use, and there 
is meaning, in this operation. But this is not a mul- 
tiplication by fractions, it is not a multiplication of 
one fraction by another, "but a separate involution of 
the two terms of a fraction, each into itself. See this 
interesting and beautiful process described and illi 
trated in the article on Involution. 



: 



- 



95. For this purpose of involution we shall here- 
after have occasion to resort to this method of working 
a small decimal. To which end let us, then, involve 
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decimal .4 into itself, once, and again a secorn 
ime ; the result appears to be , 64; for 4 x 4 x 4 = 
64. But this result consists of too figures only, whils 
three figures have been involved in its production. T 
complete the process we must, then, in conformity 
with the rule just cited, prefix a cipher to these tw 
figures, making the decimal. 0G4. Which, as wi 
be shown in paragraph 172, is the true and ration; 
expression of the quantity. 

96. Division, I scarcely need observe, is the : 
verse of multiplication. It is calculated to undo, ( 
actly, that which is effected by multiplication. As,f 
example, suppose we would undo the work in a fort 
going example ; that is, suppose we would divide 
$431. 112688 by 32.16. We write down thes< 
two sums, and divide just as wc do in simple division 
only, with regard to the decimal point ; having foum 
the quotient to be 755943, we observe this rule i 

Ji&ing that point in its proper place; we count f 
number of decimal figures in the dividend, we see 
how many more there are in it, than there are in the 
divisor, and this difference is the number to be cut 
off for decimals in the quotient. And this proceed- 
ing, as you will observe, restores to us the original 
multiplicand ; and proves, not only that both opera- 
tions are right, but that the rules by which we work 
them are right, likewise. 

97. We must not, however, omit to observe here, 
that cases arise, in which the quotient is so small, 
that there may not be decimal figures so many in the 
quotient as there are in the dividend over and above 
those in the divisor. When a case of this kind occurs, 
you put, before the figures of the quotient, ciphers, 
sufficient to make up the required number, ana t] 
you set the decimal point. 

98. Here I might finish on this rule of division c 
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decimals, but that there yet remains this point to be 
noticed. It is not, as you know, the quantity of 
figures, that determines exactly the value of any num- 
ber, but the individual value of each figure, and the 
station io which it stands. The figure 9 expresses 
a higher number than S, when spoken of without 
regard to station, but place 9 below the decimal point, 
and 8 above it, and 8 is then the higher number. 
In like manner 2.9756, is a number of less value 
than is 3.12; and, as a smaller number will always 
divide a larger, we might have to divide these three 
figures by the five. How, then, are we to act in a 
case like this. To divide the smaller number of 
figures by the larger, without some abatement of the 
number in the larger, or some increase of the smaller, 
is manifestly impracticable. One of these courses 
must, then, be adopted, and it must be one which will 
not alter the relative value of the two numbers. Now 
what method is there of doing this*? Look at the two 
last sentences in paragraph 75, and there you see, that 
you may put any number of ciphers below, that is 
after the figures of n decimal, without altering its 
value. Adopt this course, in this instance, with your 
short dividend, and having completed your division, 
you fix the decimal point as before instructed. 

99. Such ease in working, such simplicity of state- 
ment, such readiness for every operation, as we find 
in decimal numbers, cannot fail to suggest to every 
mind engaged on the subject, this question : How- 
happens it, that this neat and beautiful method of 
stating parts of whole numbers, has not entirely 
supplanted the method by vulgar fractions °? The 
answer to this question leads us to the last rule that 
remains to be spoken of in these numbers. Decimals 
have not supplanted vulgar fractions, because remain- 
ders, whence almost alone come fractions, always 
present themselves in the usual operations of arith- 
metic, as the nominators of vulgar fractions, the 
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visor being the denominator. Remainders, after 
vision, thus present themselves ; and they require, 
efore they can be staled, or worked as decimals, to 
e reduced to these numbers, an operation which it 
not always worth our while to perform. 

100. This reduction of vulgar fractions to decimals, 
already treated of iu paragraphs 79, SO, and 81, 
ut as, besides its utility, this is a very interesting 
recess, another and yet clearer exhibition of the 
rinciple on which it is done may here follow, with 
msiderable advantage. 



REDUCTION 

OF VULGAR FRACTIONS TO DECIMALS. 

101. A vulgar fraction is a quantity described by 
vo numbers, namely, a numerator and a denominator; 
and the quantity so described bearing the same pro- 
tortion to a unit or whole, as the numerator bears to 
i denominator, we shall have that proportion, 
which is the value of the fraction, and have it, too, 
in its most compact form, if the fraction be such that 
we can divide the numerator by the denominator ; 
that is to say, if it be an improper fraction, and the 
numerator be some multiple of the denominator; see 
>aragraphs 54 & 55. But this lucky facility will 
>rove of but rare occurrence. And proper fractions, 
oo, have always larger denominators than numera- 
ors, so that we cannot divide the latter by the former. 
?or instance, y is a proper fraction. But we 
no more divide the numerator of this fraction 
the denominator — the 2 by the 5— than we ca*» 
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vide two gallons of spirit of wine into two or more 
equal quantities with a five gallon measure. 

103. However, let us think a little of this ; let us 
consider it. Is it indeed impossible to divide two 
gallons of spirit into two, into four, or into any other 
number of equal parts ; is it impossible so to divide 
two gallons of spirit with a five gallon measure? 

1 03. Spirit of wiue, and it is this sort of spirit 
that I have fixed on, for the reason which will now 
appear; spirit of wine may be increased in bulk, just 
as decimal figures may be increased in number, with- 
out an alteration in value ; spirit may be thus in- 
creased by the addition of water ; and, again, by 
distillation, the spirit may be drawn from the water, 
as the significant figures of a decimal may be with- 
drawn from ciphers, without causing an alteration in 
its value. So suppose we increase the bulk of the 
spirit in this manner, suppose we increase it to ten 
gallons. We can now measure it, and divide it with 
the five gallon measure. Again, to come a little 
nearer to our purpose, suppose we thus increase the 
bulk of the two gallons of spirit to twenty, just as 
we increase the number two to twenty, when we 
would decimally divide it; then, how easily do we 
divide it with the five gallon measure. The quotient 
will then be 4. But four what % Is the question. 
The answer \a,four tenths. We increased the % ten- 
fold, by the addition of a cipher, an increase, how- 
ever, which in decimals adds nothing to the value of 
a number ; we thus made the two into two tenths, 
when it became divisible by the five, and gave us a 
quotient of 4, that is four tenths ; and the figure 4, 
which, placed next after the decimal point, meansfour 
tenths, is the decimal expression of -r. This, as the 
terms import, is decimating the fraction ; it is reduc- 
ing it to tenths ; and then finding the number of 
tenths which constitute its value, and that mvmber is 
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the decimal expressioii thereof. Let us, in this method, 
6nd the decimal of ~ , — 4, reduced to tenths, is 40 
which, divided by the denominator gives ,8; wl 
is the decimal expression of -,•• Now try ^. 
duce the numerator to tenths; it is 10; which will 
not divide evenly by the denominator 4, so reduce it 
to tenths of tenths ; that is, to hundredths. Done 
by adding auother cipher merely, and then 100 -r 
4 = 25 ; which . 25 is the decimal expression of £. 

104. This is the rule, and here is the principle 
of the rule made manifest, for reducing vulgar frac- 
tions to decimals. One or two other examples will 
make all familiar. 

( 1 ) Reduce y to a decimal. 

2 )10 

(2) What is the decimal -|? 

3 )2000 

■ 666, a recurring, or circulating decimal. 

(3) Reduce ^ to a decimal. 

11 ) 70000 

. 6363, another recurring decimal ? 

( ■* ) What is the decimal expression of y ? 

7 )11000000000 
1.571426571 

105. Thus, in many cases, will the figures continu 
to recur, or circulate, as we have termed it. To 
prevent this it is usual, on proposing to reduce any 
fraction to a decimal, to name, or limit the number 
of figures to which the reduction shall be carried. 
In ordinary calculations two or three figures are 
deemed sufficient; the first bringing us within 
hundredth, and the second within a thousandth, 
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the exact quantity ; nay, sometimes a single figure 
suffices, indicating, as it does, the quantity within a 
tenth part. How desirable it is thus to limit the 
number of figures to which a decimal shall run is 
shown in the last example — question 4 — in which we 
have proceeded until we have nine figures, giving us 
the precise quantity within a thousand mi I lionet h 
part; the discovery of which quantitv we might 
pursue in vain, seeing that, in the three last, the 
same figures are recurring as those with which we 
set out ; and they would, of course, continue to recur. 
So arithmeticians limit the number of figures thus, 

(5) Find the decimal of y, to the third figure. 

7)5000 
.714 

(6) What is the decimal expression of ^5=57-, to the 
third figure ? 

15724 ) 35760 ( 227 the decimal. 



(7) What is the decimal expression of y, -j and 
g 8 j, to three figures ? 

These three fraction! reduced, according to paragraphs 51 and 

52, to one denomination, are ■ | ; y : J . 1 * t which, divided by a common 

divisor, (bund according to the rule in paragraphs 54, 55 and 56, 

ii.iincl y 32, and thus reduced to its lowest terms, is equal to ^-. 

And now we proceed to reduce this to a decimal. 

32) 310 (968 the decimal 

288 

220 

192 




DUODECIMALS, 

TWELFTHS, OR CROSS MULTIPLICATION ; 
Reinff Calculations of Measurements in Feet, Inches, Sre. 



106. Duodecimals are used to calculate quantities 
quantity in superficial extent, such as the measure- 
ment of boards, of the work of painters, glaziers, 
and plaisterers ; and quantity in bulk, as in a piece 
of timber, or a block of stone. All which things are 
usually measured by the foot of 12 inches; which 
inches, for nice purposes, are each divided into 
twelfths, called parts ; and these parts may be divided 
again into twelfths ; and hence the name, and the 
use of duodecimals, or twelfths. 

107. As an example of the calculation of superfi- 
cial quantity. Here is a wall 8 feet long, and (jfeet 
high. And we would know how many feet, that is 
to say, how many squares, measuring a foot each way, 
there are in the whole. The wall is 8 feet long: let 
us divide the length into 8 equal 

aarts, as you see in figure 1. Hut 

t is, also, 6 feet high. Let us, then, 

taking the same figure, divide the 
height thereof into six equal parts, 
and ruling the divisions across, as 
we ruled the former downwards, we 
have it divided as Fig. 2. — Now 
count the squares ; there are 48, 
which number is the product of 
8 multiplied by C ; that is to say, 
the product of the length of the wall 
multiplied by the height. Knowing 
this, knowing that the length, mul- 
tiplied by the height or breadth, will give the sup 
ficial contents, we have, in future, no occasion. 
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we would know the number of square feet in anythi 
to divide the thing thus into squares, and then to co< 
them; having the number of feet in length, or i 
deed, the number in yards either, and the number 
breadth, we have only to multiply these two numlx 
together, and the product is the number of squi 
feet, or square yards, or square miles, just as ) 
denominations may be, 

IOS. Again, suppose that it were a solid body, 
such as a block of stone, measuring in length and 
breadth just what we ha-ve stated, and in thickness, 
6 feet. Dividing this thickness into layers of one 
foot thick each, and then cutting each layer across, 
in the lines marked in figure 2, would give us 48 
small blocks in eacli of the 6 layers, that is, 6 times 
48 blocks, which make 288; which number of blocks 
is the product of the length, breadth, and thickness, 
multiplied successively into each other. 

109. But suppose we come to inches. Let us take 
one of these small blocks, measuring a foot on every 
side, and called, therefore a cubic foot. It is 12 
inches long, 12 inches broad, and the same in thick- 
ness. Now, how many solid, or cubic inches are there 
in such a block ? We need not, now, cross it with 
lines, in order to ascertain this; for multiplying these 
three dimensions into each other gives us the number 
of solid inches. And, to finish this matter of cubic 
measurement, in order that we may afterwards pro- 
ceed without interruption in the consideration of that 
of superfices, let us take as many of these blocks, of 
one cubic foot each, as will make a cubic yard. Laying 
the blocks together, we must have, for the first layer, 
three of them each way, that is, 9 blocks ; these will 
make a layer of due length and breadth, and one foot 
thick ; but we are to have it 3 feet thick, so that we 
tntiiit have 3 times 9 blocks, which are 27, which is 
lh«' number of cubic feet in a cubic yard. 
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i. Thus are there square measure, and solid, 
cubic measure. Square measure applies only 
wr/hirs, and the superficial quantity in any thing 
(bund, by multiplying the length into the breadth ; 
whilst the quantity in cubes is found, hy multiplying 
(lie length, breadth, and thickness into each other. 
And the quantity thus found, whether the thing 
measured be square or cube, is called the contents of 
that thing. To return to the measurement of super- 
ficies. 

111. For our first experiment, let us take a surface 
9 feet 7 inches long, and Sfeet 3 inches broad; and 
let the contents be to be found in feet. Now in this, 
as in all other proceedings, it is desirable that we 
have a clear and distinct idea of the matter of which 
we are treating. So let us fix, very clearly and 
steadfastly in our minds, what quantity of surface is 
meaned to be described by each of these denomina- 
tions, feet, inches, and parts. As to the quantity, a 
foot, here it means, as before explained, afoot square; 

and because we are about to ascertain the contents 
in feet, a foot is the integer, or whole number, 
of which inches are \%ths, and parts, \%ths of I2ths. 

1 12. But, now. mark well. We have determined 
that the square foot shall be the integer, or whole 
number. What, then, is an inch; is it a square 
inch? By no means. It must be twelve square 
inches ; that is to say, it must be a space, or slip one 
inch broad, and one foot long; it must, in short, be 
the twelfth of the foot; whilst one square inch would 
be only the 144th part of a square foot. The whole 
matter stands thus. The foot is, in all cases, com- 
posed of twelve inches. But, then, there are different 
sorts of feet. There is the foot-length, or running, 
or linear foot, there is the square foot, and then, 
again, there is the cubic foot. Now, one inch; that 
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is, the mere length of an inch, is the twelfth of a 
running foot ; but, if you look at it, you will see 
that the twelfth of a square foot must be, as I have 
said above, a space or slip one inch broad, and one 
foot long, which is no less than twelve square inches; 
and, then, for an inch in a cubic foot, is that a slip, 
formed of twelve cubie inches ? Not it, indeed. 
Such a slip would be, not the twelfth, but the hun- 
dred and forty fourth part of a cubic foot. The 
twelfth of a cubic foot, that is to say, an inch in such 
a foot, must be, as you will see when you reflect on 
it, a stratum, or layer of inch cubes, containing 
twelve one way, and twelve the other ; that is, 144 
cubic inches. Thus, then, in linear or running 
measure, the twelfth of a foot is one inch ; in square 
measure, this twelfth is twelve inches ; that is, tivelve 
square inches ; in cubic measure, the twelfth is o?ie 
hundred and forty-four inches ; that is, 144 cubic 
inches : of which inches there are 1728 in the 
foot. So much for feet and inches; and now for 
parts. 

113. What is a part? It is the twelfth of an 
inch. So, in running measure, twelve parts make 
an inch ; but not so in square measure ; nor so in 
cubic measure. Were an inch the integer, or whole 
number in which we were reckoning, then all that 
has been said in the last paragraph respecting the 
inch, would serve for the part, of which we are now 
treating; that is to say, 12 parts would be one inch 
in running measure, 144 parts in square measure, 
and twelve times this, or 1728 parts would make one 
inch in cubic measure : that is to say, such would be 
the parts were an inch the integer, or whole number 
in which we were calculating. 

114. But we have determined, in the last para- 
graph but one, that the foot shall be the integer; 
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so our question now is, what is a part ; what are the 
contents of a part, in measurements in which a foot 
is the integer ? In running measure, that is, in mere 
length, the part is still hut the twelfth of the inch : 
but — and here comes the great distinction — in square 
measure, the foot being the integer, the part must be 
afoot long, but only the twelfth of an inch broad. 
However, a slip of this kind, although called a part, 
contains no less than 144- square parts ; and it would 
require twelve times twelve of them to make a square 
foot. Aud, then, for a part in cubic measure : What 
is thispart, a foot being the integer? Call to mind 
what such a thing must be. It will be a small layer 
or stratum, the twelfth of an inch thick. Twelve 
times twelve of these would be required, laid one on 
the other, to form the cubic foot. But what would 
this layer, what would this part be ? It will be the 
twelfth of an inch thick, but in breadth it will be 
twelve inches, that is, 144 parts, and in length the 
same; 144 x 144 is 20736, that is to say, in cubic 
measure, a foot being the integer, one twelfth part 
of an inch contains 20736 cubic parts. Thus have 
we, I trust, a definite, and what may be termed, a 
tangible idea of the quantities in which we are about 
to make calculations. 

1 15. However, with respect to this quantity called 
part in square measure, another observation remains 
to be made. In the foregoing paragraph I have 
described this part as a foot long and the twelfth of 
an inch broad, and as containing 144 square parts. — 
This, of course, you bear in mind, is the quantity of 
a part, in all calculations in which the foot is the 
integer. — Thus, then, 144 square parts constitute 
one part, and such parts generally present themselves 

I in the form that I have described; that is, as long 
dips, a foot long and the twelfth of an inch broad 
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Fig. 2. 



16. For example. Here is a 
Diagram, on a scale of about an 
inch to a foot. I intend the larger 
square to represent a foot ; then 
come the inches, and then the 
parts, as I have described them 
in long slips. But, and this is the 
observation to which I have now 
to call your attention,— there are 
other forms besides these ; there are some small 
squares, and some short slips, formed by the exten- 
sion, and the crossing of the lines by which the 
inches and the parts are marked out. The inches 
and the parts are complete without this exten- 
sion ; they are complete, as 
shown in this figured. So, what 
are the small squares, and the 
slips, which are omitted in this 
figure, but which appear in the 
foregoing diagram, and which 
are requisite to complete the 
figure ; what are these ; and 
what are they called *? They 
take their names, as every thing in this way ought 
to do, from the quantities they contain. Of the 
small squares, the larger, which are mere ex- F - „ 
tensions of the inch slips, and which are, < 
therefore, an inch square;— these are counted [— )-|| 
as parts, seeing that they are each but the 
twelfth of one of the inch slips ; seeing, also, that 
they each contain 14-4 square parts, which, as be- 
fore shown in the measure we are speaking of, is 
the contents of a part. Next in size come the short 
slips. They are the breadth of a part, but being 
only one inch, that is the twelfth of a foot long, they 
are called the twelfths of parts. Lastly come the 
smallest squares. What are these? They are each 
the breadth of a part, but being only the twelfth of 
an inch long, that is, a twelfth of the quantities last 
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described, they are the twelfths of twelfths of parts. 
Thus, then, at length, is the view completed. We 
know not only the contents, but the forms, likewise, 
in which these various quantities severally present 



1 1 7. Thus, then, it is ; a square inch requires to be 
extended, or multiplied, twelve-fold, when, becoming 
as long as a foot, and one twelfth the breadth, it 
becomes the twelfth of a foot ; that is to say, it 
becomes an inch in this sort of measure. In like 
manner it is with a part. A Part multiplied by, 

hat is, extended to the length of a foot, is a part ; 
lultiplied by an inch, therefore, it is only the twelfth 
f a part; and parts multiplied together are, of 
course, one remove yet lower in the scale of denomi- 
nations ; they are only the \2lhs of I2ths of parts. 
Thxis.feet multiplied hy feet, are feet ; ijiches multi- 
lied by feet, are inches ; and parts multiplied by 
iet are parts : and so on to the twelfths and the 
twelfths of twelfths of parts; and to yet more minute 
"ivisions, where the subject requires it. Every 
uantity is to be considered as running the length of 
he foot, or integral number, and when so extended 
takes its denomination from its breadth. 

1 18. However, " twelfths," " twelfths of twelfths, 
such denominations, are unwieldy and incon- 
venient, so arithmeticians have adopted some com- 
pact terms and marks, wherewith to express these 
small quantities. The denominations run thus ; 
The names and marks have been determined by 
their several distances from the foot. Inches being 
the first remove from the foot are called primes, 
that is, frsts, and the mark over them is a single 
comma ( ' ). Those which we have called pai'ts, 
which is trie name generally given by workmen, 

dag in the second station, are called seconds, and 
ve two commas ("); and the next have three 
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commas ( '" ) and are called thirds. You may pro- 
ceed to fourths {"" ), and so on. And they are thus 
Ixed to the figures 29 ft. 5' 9" 7'" %"". 

1 19. To return, now, to our case, as stated in the 
last paragraph but one. Writing down the dimen- 
sions, the different denominations right under each 
other, as follows, you begin to multiply by the feet 
in the lower line ; saying, " 8 times 7 are 56." But, 
now, what are these 56 ? They are the product of 
inches multiplied by feet ; they are, therefore, inches; 
divided by 12 they give 4: feet $ inches; 
the inches being set down in their ft- *»• 
proper place, the feet are carried for- ? ; 1 

ward. Then, multiplying the feet, -yg — ; — g 

saying, " 8 times 9 are 72, and 4 2:4:9 
carried are 76." And now to multiply "79 • : 9 
by the 3 inches. Inches you have 
seen, multiplied together, produce parts ; so 3 times 
7 = 21 parts = I in. 9 pts. Proceeding next to 
multiply the 9 feet by the 3 inches, we have 27, 
which, with one carried from the last, make 28 
inches ; which are 2 ft. 4 in. and which, written 
down, as you see, and the two lines of product added 
together, we have 79ft. in. 9 pts. as the product 
of 9 fi. 7 in. hy 8ft. 3 in. 

120. To sum up the process in the form of a Rule : 
Having properly stated the dimensions to be multi- 
plied together, you begin the work by multiplying 
the lowest denomination in the upper line, by the 
highest in the lower line. And, from this circum- 
stance, it is, that the name of CROSS Multiplica- 
tion comes; Beginning thus, and bearing in mind that 
parts multiplied by feet produce parts, you divide the 
produce of such parts by 12, set down the remainder, 
as parts, and carry the quotient forward as inches ; 
then, multiplying the inches by the feet, you have 
inches, which divided by 12, are carried onwards to 
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the feet. The feet are multiplied together, like any- 
other integers, and we set down the product, with 
the addition of anything that may have been carried. 
So much for the Multiplication by Feet. 

121. And, for the Multiplication by Inches. Mul- 
tiplying the parts by inches give, as you recollect, 
twelfths of parts; the product here, therefore, you 
must divide by 12, set down the remainder, one 
station below the parts, and carry on the quotient as 

£arts ; then, multiplying the inches together, you 
ave parts for the product, which added to whatever 
may have been carried, and divided by 12, give 
inches, which inches, added to the product of the 
feet, and divided by 12, produce feet; and this finishes 
the multiplication by inches. 

122. Then, to multiply by Parts, if you go to 
such minute dimensions, which you scarcely will, 
unless you be computing the value of plates of fine 

glass, or cloth of gold, or some such costly article : 
'you multiply by these small parts, you proceed on 
the same principle. On this principle, parts multi- 
plied by parts ; produce twelfths of twelfths of parts ; 
and these will be a denomination two places below 
parts. All this might be made palpable, to the eye, 
by a diagram, which it was my design to give, but 
I relinquish the design on finding, that in order to 
show the minute divisions, and the larger ones like- 
wise, such a figure must be inconveniently large. 
So I rely a little on the imagination of the ingenious 
student, who will be at no loss to understand the 
matter, after the description just given. 

123. Another proposition, a little nice in its mea- 
surements, will assist yet further to clear up this 
matter, and to confirm right impressions on the mind 
of the learner. Let us, then, see what are the 
superficial contents of a Plate of Glass, measuring 
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7 feet bin. Spts. in length, and bft. 3 in. 7 ] 
in breadth. 



124. Worked in the method we have just learned, 
the question is answered as you see in the first of 
these operations. But in order to show, beyond all 
question, that it is correct, let us, discarding this 
process of multiplying parts by inches, and inches 
by parts, and so on, from which alone arises any 
difficulty that may yet hang about the matter ; let us, 
discarding this process of multiplication, and writing 
all the dimensions down, repeating them, just as 
when they are repeated by that process ; and just, 
indeed, as if we had the several spaces described by 
the figures, actually spread out before us, in order 
that we might place them together in rows, accord- 
ing to their several denominations, and then sum 
them up ; let us thus set down these several dimen- 
sions, and add them together, and we thereby see, 
not only that the result is the same as that produced 
by the other operation, but we see, also, the value, 
that is to say, the extent of every space indicated by 
each figure. 



BV MULTIPLICATION. 



BY ADDITION. 



times by 
the feet. 
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1/J5. One point more, and I conclude the lesson. 
For the sake of simplicity, I have used as examples, 
cases, in each of which there is but one figure in 
each denomination, whether in the multiplicand, or 
in the multiplier. For example, I have shown how- 
to multiply 9 feet 7 in. by 8ft. and 7ft. 5 in. 8 parts 
by 5 feet ; that is to say, I have treated of short 
multiplication in this rule. There must, of course, 
be cases, in which the number of feet with which we 
have to multiply is expressed by two or more figures, 
requiring, in consequence, something like long mul- 
tiplication. For example, let it be that we have to 
multiply \b3ft. 2 in, by 25 ft. 9 in. Writing these 
multiplicand and multiplier, down in the usual man- 
ner, you would stop when you come to do the work, 
seeing that the product, in multiplying by the 25, 
must be stated in two lines. And then come \53feet 
to be multiplied by 9 inches, the product of which, 
being inches, must be written, uot in the place of 
inches, at once, but beside the chief working, and 
when reduced into feet, by being divided by 12, may 
come into its proper station, as you see it done in the 
first of these two examples. But the better mode of 
doing it is this, as shown in the second example, in 
which the multiplication by the 9&feet is done like 
a common sum in compound multiplication ; and for 
the 9 inches, which are three quarters of afoot, we 
take aliquotparts of the multiplicand, as in practice, 
that is to say, a half, and then the half of a half; 
and these written in their proper places, and the 
whole added together, give us the product of the two 
dimensions proposed in this example 

(l.t.) ft. in. ft. in. (2nd.) % ) 153 ■ 2 

5x5=25 
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OF THE SQUARE, &c. 

126. A square is a figure, a flat surface or space, 
of any size, bounded by four straight lines, each line 
of equal length, and having four corners or angles, 
each of which, also, are equal ; that is to say, no 
angle shall be closer and sharper, nor more broad 
and open than are its fellows : such figure is called 
a square. 

127. However, we shall find it useful to go systema- 
tically into a description of this figure, the square ; 
and into descriptions of one or two other geometrical 
figures that are closely related to it. To this end 
we must first observe, that 

I2S. Lines, by which geometrical figures, are 
marked out, or bounded, may be straight, waved or 
curved. But it is with straight lines only, that we 
have here to deal. Again, 

129. Lines may be drawn, or may lie, at a uniform 
distance from each other, as do the edges of a board 
that is nicely dressed of an equal breadth, and an 
equal thickness ; or they may approach each other, 
towards one end, and diverge, or separate towards 
the other, as do the two sides of a wedge. 

130. Lines which are drawn, or which lie, at a 
uniform distance from each other, whether they be 
two or more, whether they be curved or waved, or 
straight ; lines running along thus are said to be 
parallel ; and any geometrical figure formed by four 
straight lines or sides, each of which sides is parallel 
to its opposite side, any figure of this description, 
whether its length and its breadth be equal or not. 






Fig. I. 
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OF THE SQUARE. 

takes its name from its paralled sides, and is callec 
i Parallelogram. 

131. A square, therefore, its 
ipposite sides being parallel, is a 
parallelogram 

132. But so, also, is this figure 
1, in the margin, the opposite 
iides being parallel, and the ends 
parallel ; and so is figure 2, the 
opposite sides of which, also, are 

Earallel; both are parallelograms; 
ut neither of them is a square. 

133. The first of these figures is not a square, 
lecause its sides are not of equal length. Its sides, 

that is to say, its opposite sides are parallel, and its 
angles, being all equal, are those of a square, but 
the four lines which form it are not of equal length ; 
and for this reason it is not a square. Figure 2, 
which is called a rhombus, is not a square, because 
its angles are not equal. Its four sides are of equal 
length, and the opposite sides lie parallel to each 
ither, but its angles are not those of a square. 

134. However, these figures have names; names 
derived as we shall see, from the nature of their 
lines and angles. And, with these names we must 
become familiar, seeing that by them we shall be 
able to understand one another, and to describe 
figures without being required to draw them. 

135. Observe, then; Any figure that is bounded 
by straight lines, such lines being of equal length; 
any such figure is called equilateral, that is equal- 
sided. Fig. 2, as we have seen, is a parallelogram, 
and being bounded by four lines of equal length, 
is called an equilateral parallelogram. 
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136. Figure 1 is not bounded by lines of equal 
length, it is what we familiarly call an oblong ; but 
its proper name, as we have seen, is parallelogram. 
But as this name might be applied to it, were it longer 
or shorter, broader or narrower, we do not, we can- 
not distinguish it from other parallelograms by its 
lines, which may be any length. But its angles are 
uniform, so we distinguish it by its angles ; and the 
angles derive their name thus. 

137. Take a straight line of any length, as a b — 
let us call this the base, that is, the bottom line — -from 
some part of it draw another straight line, and let it be 
drawn perpendicular, or upright from the point from 
which it starts ; that is, let it lean neither to the right 
nor to the left, but stand directly upright on the first 
line, as c d. Now mark. On each 
side of this second line, just where 
it meets or touches the first line, 
on each side is an angle; which 
angles, being formed by the meet- 
ing of an upright line with the 
base line, are called right angles. 
Now, the parallelogram Fig. 1 , has its angles of this 
description. Its length and breadth may be various, 
but its sides being perpendicular to each other, or 
forming right angles, it is called a right angled 
parallelogram. 

138. And this is the kind of angle which is essential 
to the formation of the square, and from which, 
consequently, it takes part of its name. We have 
before seen that the square is a parallelogram, we 
have also seen that it is equilateral, and we now see 
that it is right-angled. Its correct description, 
therefore ; those terms which distinguish it clearly 
from all other geometrical figures are these, an 
equilateral right-angled 'parallelogram. 
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139. And now for the Arithmetic of the subject. 
Observe that, in treating of duodecimals we have 
seen, in paragraph 107, that having the length ai 
the breadth of any figure, of any piece of land, 
timber, marble, glass, or other thing ; that having the 
length and the breadth of any right-angled figure; by 
multiplying this length and this breadth together, we 
find the quantity or superficial contents. — Here, for 
example, is a piece of land lying in a square form, 
being 25 yards long, and 25 yards broad, and we 
would know the number of yards in the piece. This 
number, as we have seen in the paragraph just 
referred to, is found by a mere multiplication of the 
length by the breadth. And when, as in this case, 
the length and the breadth are the same, then is the 
form in which the surface lies, a square. And the 
multiplication in question, that is to say, the multi- 
plication into itself of the number by which the side 
of the square is described, is called, squaring that 
number. Thus 25 x 25 is 625 ; which latter number 
is called the square of 25. The process has, how- 
ever, another name than this of squaring, it is called 
the Involution of the number : of which Involution 
we may now proceed to treat. 



OF INVOLUTION; 

ITS NATURE ; AND ESPECIALLY OF THE INVOLUTION 
OF FRACTIONAL QUANTITIES. 

140. To involve is to roll up, to fold up. Involu- 
tion comes from the Latin word involution the act of 
folding. And the word has been adopted by arith- 
meticians to express the multiplication, or rolling 
"p, as it were, of a number into itself. An operation 
so, by which the contents or quantity of a squai 
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space, or of a cube, are to be ascertained. In the 
caae of a square, for example, which being merely 
a superficies or space, has only length and breadth, 
a single involution, that is, a multiplication of what 
may be termed the length into the breadth, just as 
in the case of any other right-angled figure gives its 
contents: See paragraph 139. 

141. It is when figures, or bodies have thus only 
what may be termed one dimension, that they can 
be regarded as subjects for involution. If the length, 
and the breadth, or the thickness, be of different 
dimensions, then are such figures, by this circum- 
stance, taken out of this rule of Involution. 

142. The multiplication, then, of a number into 
itself is called involving that number. A square has 
length and breadth, merely ; the length and the 
breadth are the same, are, in quantity, identical ; and 
the multiplying together of these two dimensions is 
called squaring the number : as 4 x 4 = 16. 



t 



143. To length and breadth the cube adds 
third property of thickness; which thickness, 
constitute a cube, must be the same as the length, 
the same as the breadth : and the multiplication, or 
involution of these three dimensions into each other, 
giving us, as shown in paragraphs 108 and 109, the 
contents of the cube, is called cubing the number. 

144. Again, Ihe squaring of a number, that is to 
say, the multiplication of the two dimensions of 
length and breadth is, in Involution, called raising 
that number to its second power. And another 
involution, that is, a cubing of the number, is termed 
raising it to its third power ; thus 4 x 4x 4 = 64. 

145. Further than this, higher than this third 
•power, to other dimensions than length, breadth — J 



and 
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ickness, we cannot, with reference to actual form 
and substance, proceed. Nevertheless, we can mul- 
tiply numbers together, we can carry on the involu- 
tion of a numher, raising it to yet higher powers ; 
and this is constantly done by mathematicians, for 
various purposes. 

146. As the squaring of a number, or the first in- 
volution of it is called raising it to its second power 
and the cubing of it is raising it to its third power, 
so, another involution raises it to what is termed its 
fourth, another to its ffth power, and so on, 

147. To express, or to describe these powers with 
brevity, mathematicians have adopted a very neat 
and simple method ; a method which, in many in- 
stances without the irksome labour of an actual invo- 
lution of a long numher, serves the same purpose 
thus, had we, in the statement of some proposition, 
or of some process, to put down the cube number of 
573, it is done by a simple annexation of a small figure 
3, thus 573 3 : which signifies that the number is to 
be taken as being raised to its third power; and it 
is understood to mean 188132517. The same num- 
ber with the figure 2, thus 573% signifies 328329 
which is the second power, or square of the number 
in question. And so of smaller numbers; thus 5* 
means the second power of 5 ; that is 25 ; 5* means 
625 ; that is the fourth power of 5. 



148, With regard to this involution of numbers, 
this raising of them to various powers, it must be a 
very simple affair when the number to be raised is 
altogether a whole number; a mere multiplication 
of the most ordinary kind accomplishes it. But 
when that number consists in whole or in part of a 
fraction, whether vulgar or decimal, then are some 
little additional knowledge and care required. 
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149. If it be a vulgar Fraction, it is raised by a 
multiplication of its two terms into themselves, re- 
spectively, just as we raise other numbers; thus, y 
is raised to its second power by multiplying its 
numerator by 2, and its denominator by 5, which 
brings it to =?. Another involution raises it to its 
third power, which is -^ . 

1 50. If the number to be raised be a mixed num- 
ber, that is, if it consist of a whole number and of a 
traction or fractions, then should it be reduced or 
brought into an improper fraction, the nature of 
which is described in paragraph 39. For example : 
suppose we have to raise 1 J to its third power, or in 
other words, to its cube ; one and a half, expressed 
fractionally is three halves, that is y, which raised, 
as just directed, to its second power is -j-i *° i* 8 
third power it is y. 

!5I. Thus it is that quantities are raised, when 
treated as vulgar fractions. But it is often more 
eligible to treat the fractional parts as decimals, the 
working of which is generally more simple. 

152. When it is determined thus to treat a frac- 
tional quantity, the thing 6rst to be done is, of course, 
to bring it into a decimal, as taught in paragraphs' 
101, 1 02 and 1 03, and then to raise it to the required 
power. For instance, let us thus treat the small quan- 
tity employed in the foregoing paragraph, that is \\. 

1% = 1.5, and 1.5 X 1.5 = 2.25, and 2.25 X 1.5 = 3.375. 
But mathematicians would state it more briefly ; 
tlms(l$/ = (].5) ! = 2.25; and (1 .5) 3 = 3.375. 

153. In order, yet more fully to exhibit the pro- 
cess, let us take a larger number, let us raise 125|- 
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lo its second power ; and then to its third power. 
And, first, let us treat it as a vulgar fraction. 



\9h~ — uaH v ™° , _ 



The second power, or square. 
The third power, or cubi 



Treated as a decimal, 
I25|= 125. 6x 125.6= 15785.36. The second power- 

15786.36 x 125.6 = 1982641 .216. The third power. 

154. However, these latter quantities form im- 
j proper fractions, let us carry the enquiry into the 
' involution of a proper fraction. We spoke, a few 

paragraphs hack, of raising the fraction -r t° its se- 
cond, and then to its third power; let us take this 
traction, thus involve it, and closely mark the process, 

155. What is it that is produced by this involu- 
tion of y ? The product of the first involution, in 
figures, Wjg.. But in matter; in quantity of 
/natter, what is it ? This, of course, depends on the 
thing - we determine to fix on as the unit, or integral 
quantity. This unit may be a foot, a yard, or an 
inch ; or any other such quantity. Let it be a foot. 
And let this foot be represented by a c S 
Jie line a b divided into five equal , — i — i — i — ■ — i 

Now it is manifest that two of „ K 
hese parts as a c, are -g . Let us, 
then, as we proposed, square this 
quantity. Geometrically it is don< 
here in the margin. Arithmetically it is done, as 
before shown, by involving the numerator for a new 
numerator, and the denominator for a new denomi- 
And, now, mark the beauty c 
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The numerator, that is the 2, described two of 
these five parts, the denominator 5 described the 
whole line. When squared these a /, 

two numbers become ^ . And look 
at their respective geometrical re- 
presentations, as here laid down 
in the fig. in the margin. The 
square of two fifths of the line a b 
gives us 4 small squares, of which 
squares there are 25 in the square of the whole line : 
So the square of -jp is ~ . 






156. Now, to trace the involution of this fraction 
to its third power ; that is, to its cube. — To the 
length and the breadth of the square, the cube joins 
thickness; thickness the same as the length, the 
same as the breadth ; and we have determined that 
in this case, these dimensions shall be one foot. 

157. It is of fifths that we are about to treat, that 
is, of fifths of the length, of the breadth, or of the 
thickness ; it is, supposing the cube to be divided 
into five equal layers, or strata, by four parallel cuts 
across it, as in fig. 1 ; these further divided by four 
cuts* transverse of the first, as in fig. 2; and then 
again divided by four other perpendicular and trans- 
verse lines, as in fig. 3, presenting, on whatever side 
we view it, the line by which its size is described as 
divided into fifths ; it is of fifths of this description 
that we are now speaking. 




Fig. 2. 



Fig, 3. 
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158. It is true, that the cube of a fifth of this 
inscription is but the 125th part, that is, the fifth of 
the fifth of the fifth of the whole cubic foot. This is 
true. But the cube, like the square, has its size 
described by the linear extent of each, or of any one 
of its sides, and, as the cube of a foot measures one 
foot over each of its sides, so the cube of the fifth 
of a foot measures the fifth of that denomination, as 
exhibited in the case before us. And our present 

•pose is to ascertain the quantity of matter com- 
prised in a cube, the dimension of every side of 
which shall be two of these fifths. 

159. In the annexed figure, 
which is divided like the former 
into 125 equal cubes; in this 
figure, a cube two fifths is marked 
and distinguished from the other 
parts by heing shaded. This 
cube of two fifths is seen to con- 
tain, or to be formed of 8 of the 
125 small cubes; that is to say, 
metical process stands thus,y x -| 

ibly does this process and statement accord with 
material or geometrical representation. 




met 

t 



it is lajf. The arith- 
£ = 4r. Soadmi- 



now, that we have to raise I J to 
Let the 1£ be represented by 



160. Suppt 

its second power. 

the line a b c, and its square by 

~gure d f h i. Now the 

umber 1£, which is -%, when 

uared, is -|- . This is the arith- 

,etic of the matter. And how 

.nds the geometrical figure? 

b is the whole number, its 

quare is d e g, divided into quar- 

But the square of the whole figure, dfh i, com 
s nine of these quarters, that is 4' which, as w< 
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have seen above, is the arithmetical expression of 
the square of 1£. And, now, to raise this number 
to its third power, that is to its cube. 

161. Let the two figures which are placed below 
represent a cube, and let the line E f g, on which it 
is raised, be I J ft. long ; that is e f, one foot, aud 
F g, half a foot, — The two figures are designed to 
represent the same cube in different views. — Now, 
let this cube be divided, as marked by the dotted 
lines ; that is to say, separate the cube of the foot 
from the additions made to it by the half foot. And, 
what is the result % The cube of the foot appears 
in fig. 1, and is marked a, — in fig. % it is not to be 
seen, another side of the figure Deing presented to 
view, — b b b, in each of the figures, are three square 
pieces of one foot each, and half a foot thick ; c c c, 
in each figure, are three prisms, each half a foot 
square ; and d, in each of the figures, is a single cube 
of half a foot. 

Fig. 2. 










162. Now to enquire, what is the quantity of 
matter in one of these cubes ? As the gauge, or de- 
nominator of this matter, let us take the half-foot 
cube, seeing that all the other parts, or pieces of the 
cube are commensurable with it. 

163. First, then, as to the contents of the foot 
cube. In it, of these hal f-foot cubes, there are eight ; 
for two halves in length by two in breadth, give four, 
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nmi these, involved into the depth, which, also, is two, 
give eight, the Dumber of half-foot cubes in one 
cube of a foot. 

164. Second. The three square pieces, or paral- 
lelopipeds, as they are termed, are each half a 
foot thick. And being a foot square, they are, each 
of them, half of a cubic foot. The whole foot 
ives us eight of our gauge, these pieces, then, con- 
each four, and the three contain twelve of that 



165. Third come the three prisms, marked c c c, 
these are each half a foot square, and one foot long, 
they contain, therefore, each two cubic half feet ; 
that is, six of our denominator in the three. And, 
though last and least, not to be forgotten, comes our 
gauge, or denominator itself, the single cube of half 
a foot. 

166. Let us now add these several quantities toge- 
ther. In the foot cube we found 8, in the three 
parallelopipeds 12, in the three prisms 6, these 
make 26, to which add the small cube itself, and 
we have 27 of the denominator we have chosen. 
Now, our whole number is the toot, the cube foot ; 
this foot, divided into eighths, gives us cubes of half 
a foot ; the cube of a foot and a half contains, as we 
have found, 27 of these, that is 27 eighths. — Such is 
the geometrical calculation. And, now, what says 
the arithmetical process. Turning to paragraph 150, 
we see that 1^ raised to its third power is -^ . 

167. Hitherto, however, we have not traced the 
process of involution in decimal numbers. It is, in 
itself, so simple an affair, that a single example may 
suffice, and for this example let us take one of the 
quantities that we have already treated as a vulgar 
fraction; let us take -^ and treat it as a decimal- 
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And first as to the square. Arithmetically the si 
merit and process will stand thus, , = ,4; that i 
The square of the decimal . 4 is . 1 6 ; that is 
much for the arithmetical process. Now for the 
geometrical. 




i b c 



168. Take a line of any length, 
as a b c. Let this line represent 
the whole or integral number. De- 
cimate it, that is, divide it into tenths. 
Now what can be more simple, or 
more clear ; four of these decimal 
parts are ^ . And if we square the 
whole line, and then divide that 
square into ten equal parts each 
way, forming thereby ten-times-ten, that is 100 small 
squares, as is seen in the figure, then will the square of 
a 6, that is, of four tenths of the whole line, be found 
to contain sixteen of the hundred ; that is, accord- 
ing to the arithmetical expression,-^ of the small 
squares. 



169. And, now for the Cube of this decimal frac- 
tion. Arithmetically the matter stands thus .4 x .4 = 
,16; and .16 x .4 = .064 — see rule in paragraphs 
91 and 93. Observe, now, this decimal, stated with its 
denominator, would be ^; see paragraphs 76 and 
77; or,rather, now that we drop thedecimal form.it is 
~ ; and bear in mind that the quantity involved, 
when stated in like manner, is yg . 

170. Let the line A B be 10 inches, and let a c 
be four of those inches. Now imagine a cube raised 



i the whole of this line . Such a cube would coi 
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tin IOOO cubic inches; for 10 x 10 x 10 = 10 
rben imagine — the figure itself, to answer the ] 
jose, must be inconveniently large — so iniagin 
ube raised on the part a c, that is, on 4 inches ; 
nch a cube would contain 64 cubic inches. And if 
.onsidered as being raised within the larger cube, if 
oasidered as being formed of a part, that is, as being 
fraction of the cube of 1000 inch cubes, then is 
is cube of 4, which comprises 64 inch cubes, sixty- 
ur thousandths of the whole cube. And this agrees 
ith the arithmetical expression of the quantity, as 
ited in the foregoing paragraph. Such, so simple, 
the principle of involution of decimal quantities. 

171. Having dismissed this subject of Involution, 
I may be permitted, as it can here be done with great 
advantage, to say a iew words on two other points, 

3 of which has been reserved until now. 



172. In paragraph 95 we involved the decimals 
•,4,4, and the result was .064. Now, why is 
his cipher before the two significant figures? It is 
iccording to rule laid down and illustrated in para- 
graphs 9 1 and 92; but, why this rule? We have just 
seen the why. The rule is, that in a multiplication 
, which decimals are factors, on the conclusion 
i the process, there shall be the same number of 
ecimal figures in the product as there are in the 
actors multiplied together, and that, if, as in this 
Lse, of the multiplication of three decimal figures, 
ere be one, or indeed any number of figures short, 
we shall make up such deficiency by prefixing a 
ipher or ciphers. Now, the reason, that is to say, 
the principle OP this rule is become apparent ; ,4 
< .4 x . 4 without this rule, produces . 64; that is -j^- , 
' we place its denominator under it according to 
ule, paragraph 77. But we have seen ; in fact, 
ave it demonstrated in the foregoing process of 
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involution of these three numbers, that the result is 
not sixty-four hundredths, but only a tenth of that 
quantity, that is to say, ^^5, the decimal expression 
of which is, and must be, . 064. 

173. Need another word be said in order to show, 
in order to prove, the entire dissimilarity between 
this, which can only, with propriety, be called, the 
involution of fractional numbers, and any pro- 
cess which can be termed multiplication. We have 
before argued the case, iu the 59th and a few of the 
succeeding paragraphs, but here the matter has be- 
come so clear, the foregoing diagrams and reasoning 
so palpably show that it is not a multiplication, 
as the word multiplicatia?i is used in any other case 
whatever, but that it is clearly an arrangement, 
merely, of those quantities that are expressed by 
the figures and numbers with which the operation is 
performed ; an arrangement of those quantities in 
the form of square, or of cube : that it is no augmen- 
tation, nor a diminution neither ; but a separate 
squaring, or cubing, of the two terms of the frac- 
tion; that it is, in fact, their involution merely: 
that all the incongruous notions about quantities, 
or numbers, being diminished when multiplied by 
a fraction, and increased when divided by a frac- 
tion, that all these notions ought to be dissipated. 
And, further, is it become manifest, that this multi- 
plication, by the two terms of a fraction, can be of 
no use, can never have any meaning, save in a case 
of Involution ; that is to say, save in a case in which 
the two terms of a fraction are to be involved for 
the purpose of ascertaining the proportion which 
tin- fractional part bears to the whole or integral 
quantity contemplated in the given case. 



OF EVOLUTION; 



THE EXTRACTION OF THE BOOTS OF NUMBERS. 

174. In the foregoing lesson we have seen that, 
o involve, is to roll, to fold up ; so, to evolve is to 
unfold. And as the term Involution is applied to 
that process of arithmetic by which a number is 
raised to its several powers, that is, to its second 
power, or square; to its third, or cube, and so forth; 
i to evolve is to retrace this process, and thereby 
i discover the number which has been raised, or 
which is susceptible of being raised to a given nura- 
">er. And the term Evolution is applied to the 
irocess by which such number may be discovered; 
jid the number so discovered, is called the root 
the given number: for example, let the given 
umber be 16, which is the second power, or square 
f 4 ; or let it be 64, which is the cube, or third 
ower of the same number. In these cases, 4 is 
illed the root of the given numbers ; it is the square 
■not of 16, and the cube root of 64; and the dis- 
covery of it is called Evolution; or the Extraction 
f the Root of those numbers. 



OF THE EXTRACTION 

OF THE 

SQUARE ROOT. 

175. The square roots of certain even numbers, 
s of 100, or of 400, is seen at once. We see that 
10 x 10=100, and that 20x20= 400. Again, the 
'oot of 144 is seen at once to be 12 ; as may be the 
■oat of any square number yet smaller than this. 
But in real calculations, for purposes of business, v/t 
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cannot have numbers thus fitted to our hands ; and 
to discover the roots of numbers as they arise, is 
quite another matter. Take, for trial, a small num- 
ber, take 361, which has a whole number for its root; 
or take one yet a little larger than anv of those of 
which we have yet spoken, take 1369, which, also, is 
the square of a whole number. 

176. When you have, with all your previous 
knowledge of arithmetic, tried to discover the roots 
of these numbers, without the rule ; you will feel 
the value, and indeed the necessity of that rule bv 
which such operations are effected. 

177. To commence, then, in the simplest form, 
our inquiry into the process and principle of this 
rule. — Let it be that we have to find the square root 
of the number four; let it be that we have to find 
what would.be the dimension of each side of a square 
slab of marble, containing four square feet. 



178. We see what the root of 
this number is, instantly, and almost 
without reflection ; we see that had 
we four pieces of marble, each a 
foot square, so to arrange that they 
would form a square, we must 
place them as is indicated by the 
first figure in the margin, forming a 
square the side of which would be 
two feet. Now this two is the root of 
four. Were they nine pieces that 
we had to place thus in a square, 
you will see that they must be placed 
as in figure 2, in three rows, three 
in a row. And hence three is the 
root of nine. Were there sixteen 

frioces, a very little consideration 
eads us to arrange them in four 
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ows of four each, as in fig. 3. So four is the root 
sixteen. But it is not, as I have before intimated, 
small numbers such as these, that the learning 
ontaineil in this rule is required, but for large nura- 
>ers, for numbers that will not be so easily divided; 
numbers, the roots of which we cannot conjecture, nor 
for every unit in which we can, as in the three fore- 
going instances, be provided with a square piece. 
There are, for example, four paragraphs back, the 
square numbers 36), and 1369. 

179. Now ordinary men cannot conjecture the 
root of either of these numbers ; nor is it desirable 
that any one should waste his faculties in such an 
employment ; neither is it to be expected that we 
should have 361, and still less 1369 little squares, 
for the purpose of arranging in rows, of forminga 
square, and thereby, of finding out the root: and if 
this be not to be expected in these, which are com- 
paratively, small numbers, what is to be said of large 
numbers; what of thousands of millions, of billions, 

hat of yet larger numbers ; and, more difficult and 
nmanagable still, what is to be said of numbers the 
lots of which sink into fractions ; or which of 
hemselves consist in part, or in whole, effractions; 
roots of such numbers being frequently required. 

180. In short, another process is necessary; a 
irocess, not of conjecture, nor such as a child might 
ractise, in some simple cases, were it furnished 
dth the requisite number of little squares, but a 
rocess capable of mastering any number; a process 
'orthy of the man and the scholar ; and such process 
\ furnished by our rule. 

181. To proceed in the wise and sure way, that 
?, step-by-step, let us take for our next experiment 
he smaller of the two square numbers of which we 
ave just spoken ; however, we must first have 
ecourse to the Rule. 
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THE RULE, 



182. With the explanations that I deem requisi 
may be thus laid down, in nine articles. Recolle* 
ing what has been said on the nature of the squ; 
root of any number ; recollecting, and always bearing 
it in mind, that this root is a number which multi- 
plied into itself will produce the square, or original 
number ; that the root, therefore, of any number, 
is such a divisor of that number as will give a quo- 
tient exactly the same as the divisor; recollecting 
this, you will see that the root is to be extracted by 
a process of division ; a process, however, by which 
you have to find, not merely, as in ordinary division, 
what is the quotient, but, likewise, what the divisor ; 
recollecting this, you will perceive, that the number 
on which you have to operate is to be fairly written 
out, as you write out your dividend in a case of 
long division. And then comes the question — if 
such number be expressed by several figures— How 
much of your dividend are you to divide at a time ? 
To determine this point, and properly to prepare your 
square number for the whole operation, is the object 
of the first article of the rule. 

Article I. — If the given number, the root of which 
is to be extracted, consist, in whole or in part 
of vulgar fractions, these fractions must be 
reduced to decimals. Which, being done, 
and the figures clearly written out, you pro- 
ceed to mark them oif into portions, or periods, 
of two figures each, by making a distinct and 
legible dot over every second figure, begin- 
ning, however, not with the second, but with 
the first on the right hand ; that is to say, with 
the figure in the unit's place ; then proceeding 
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to the left, placing a dot over every other 
figure; and, after this, if there he decimal 
figures, marking them off in like manner ; as 
is shown in the following example. 

62704^1359. 25037 

Observe, however, with regard to decimals, 
that if the figures be not even in number, as 
is the case in the example just given, that is 
to say, if you have a single figure left, an 
odd one, you complete the period, or couple, 
by annexing a cipner, as in the example thus 
re-stated, and completed. 

6^70481*359.250376 

Nora.— -These dots give you the required portions, on which 
you are successively to proceed with your work. For instance : 
Beginning, as usual m division, with the figures on the left, you 
take the first period, which in this case is 62, and so proceed with 
the other four periods of integers, and then with the three periods 
of decimals, bringing them successively down for division, just as 
in ordinary long divisipn you bring down the several single 
figures of your dividend. But mark ; although you have, in the 
instance just given, two figures for your first operation, that is to 
say, 6% such will not always be the case. To annex a cipher, as 
in the case of deoimals, that is, to prefix it, would be nothing, so 
we take the $dd, or single figure, as we find it, which, in this case, 
if the 6 were withdrawn, would be 2, the root of which, as the first 
step, we proceed to extract. Be it, Jbowever, for various reasons, 
remembered, that this 2 is expressive of no contemptible number. 
Standing in the place in which we find it, it expresses no less than 
twQ hundred millions ; a sum nearly three times as great as is that 
expressed by all the other figures in the series. 

Article II. — Find the square root of the first period, 
and write it down, as the first figure of your 
, quotient, in the usual place, and in the man- 
ner of a quotieqt in long division. 

Nor« f — t-This finding of the root is to be done either by reflec- 
tion, by a trial with your pencil, or by refering to the Table of 
square numbers and their roots, as you will find that Table at the 
end of the Articles of the Rule. 
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Article III. — Square this quotient number, that 
is, multiply it into itself, write the product 
under its period, as you do the product of the 
divisor and quotient in long division, draw & 
line underneath, and subtract it from the 

E>eriod, writing the difference below, as in 
ong division. 

Note. — This statement will duly illus- 

tr.te the mode of performing Ike proce.. 6270481359. 250370 ( 7 

laid down in the first, second, and third ™ 

Articles of the Rule. 13 

Article IV. — Bring down the next period of figures 
in your dividend, as you do the single figure 
in long division, annexing it, in like manner, 
to the remainder left in the former operation. 
And the number thus formed is the portion 
next to be divided. 



.<:, 



Article V. — Double the quotient already found, 
for a new divisor, write down that double to the 
left of the number now to be divided, as you do 
your divisor in long division; only, observe, 
that you are to leave space for another figure 
or two between them. Then find out the 
number of times that this divisor is contained 
— not in the whole of its dividend, but in all 
save the last figure, write down that number 
of times in the vacant space you have just 
been required to leave, and annex the same 
figure to your quotient, 

Article VI.— Work, now, just as inordinary- long 
division ; that is, multiply your divisor by the 
new number in your quotient, write the pro- 
duct under its dividend ; subtract, as before, 
and bring down the difference, if any, to the 
next period, for a new dividend. 
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62704S1359.2503701791 
RoTS. — The statement and 49 . . . 

working of the same sum, aa 149) 1370 . . 

directed in the fourth, fifth, 1341 . . 

and sixth Articles of the Rule, 1531 1 294s 
is here exhibited. j^g] * 

1582..) 136713 

Article VII. — Thus do you proceed, bringing down 
the several portions, or periods of your divi- 
dend, annexing them to your remainders, 
finding what number of times your quotient, 
when doubled, is to be found in your successive 
dividends, annexing that number to both your 
quotient and your divisor, and so proceeding 
until you have brought down and divided the 
whole of the dividend or square number. 
And then your quotient will be the square root 
required. 

hticle VIII. — Observe, moreover, that if, in the 
course of the process, after bringing down 
and annexing a period of figures to your 
remainder, you find that your dividend is not 
sufficient to contain your divisor a single 
time ; that is to say, that, exclusive of the last 
figure, which you know, by the fifth article of 
the rule, you are here to reserve ; if you find 
that your dividend, exclusive of its last figure, 
is not sufficient to contain your divisor a 
single time, then, as in ordinary long division, 
you annex a cipher to your quotient, and, in 
his rule, another to its corresponding place 
in the divisor ; and, bringing down the next 
period, you proceed with your work as before. 



Note. — The working of the small sum in 
e margin will duly exhibit this part of the 
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ArticlB IX. — The decimal point is. of course, of 
the last importance, and its place is thus 
determined. When the root of any number, 
consisting of integers and decimals, has been 
extracted, you connt the number of periods 
in the integers of that number, and then. 
counting off the same number of figures in 
the root, you mark them for integers, by 
placing the decimal point after them. This, 
as you will find, leaves decimal figures in the 
root, equal in number to the periods of deci- 
mals contained in the square number. 
Square number, root. 



For example, (527O4S1S59.25037O- — 79186,371 

The Rule and Us principle are further developed 
in succeeding paragraphs, and the process of evolv- 
ing the square root is recapitulated in a more succinct 
form in paragraphs 216, 217 and 218. 



METHOD OF PROOF. 
183. Square the root ; that is, multiply it 



■ 



itself, and, if any remainder were left, add that re- 
mainder to the product, and the sum of these, if the 
work be right, will be the original square number. 



TABLE 

OF NUMRERS, AND OP THEIR SQUARE ROOTS 
WITHOUT FRACTIONS. 



No*. I to 3, 4 to 8, 9 to 15, lfito24, 25 to 36, 36 



M*. 49 to 63, 
Roots. 7 



64 to 80, 81 to- 



DTS 



Note. — Nine being the largest number expressed by a single 
figure, is the largest root that can be required in any single step of 
Uwpri -cess. For we never, as the learner will recollect, in any sort of 
>\i\ IU0&, have to write down in our quotient a higher number tl 
ilni tlK'irc cypresses at any single step of the process. 
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184. Having the Rule thus complete, let m finkh 
the working of the number on winch we hare been 
making our experiments and ofaserrations : proceed- 
ing with the extraction of the root down so low as to 
three decimal figures, which yielding ns the root 
within something leas than a fraction of a thousandth 
part, is near enough for most purposes. Were it. 
nowever, desirable to work yet nearer, it might be 
done, as in all decimal processes, by annexing ciphers 
to the remainder, and so continuing the operation. 

&270481359. 250370 j 791*6.371 
49 

149)1370 

1341 , 

1581)--294S 

1581 . . ... 

15828 ) 136713 . ... 
120624 . . . . 

158366) 1008959 . . . 
950196 . . . 

1583723) -5876325 . . 
4751169 . . 

15837267)112515603 . 
110860869 . 

158372741 ) - - 165473470 

158372741 

•7100729 
Prooi 79186.371 x 79186.371 +7100729=6270481359.250370 

185. Before we had the Rule laid down we were 
about to inquire into the square root of 3 6 L Let us 
now proceed with this inquiry, according to the rule. 

Having stated the number, and marked it off, we find one figure 
only in our first period, the figure 3. Now the square root of tnroo 
is something less than two and more than one. Wo must 
not, for many obvious reasons, take the larger number, so the first 
figure of our quotient will be 1, and we write it down, in its proper 
place, according to the second article of the rule. 

Proceeding according to the third article, to square %»j / i 

this quotient number, we find that it has no power of \ ' 

multiplication; it is, in short, its own square. Soo «_. 

paragraph 228. Observing this, we have no course 2 

N 



90 OF THE EXTRACTION 

but to write it down, under the first period, which having doc 
and the subtraction being made, the matter will stand a " "' 
example in the margin. 

Having brought down the next period, we proceed, 
according to the fifth article of the rule, to " double the 

3 uotient already found, for anew divisor," and to writ* it 
own, in its proper place, according to the instructions „ 
in the first clause of that article. The process will then 
stand thus, space being left for another figure in the 
divisor. 

Leaving the unit, or last figure in the dividend, as a 
we proceed to inquire, according to the latter clause of the filth 
article, how many times this new divisor is contained in our new 
dividend. Now it is true, that in this case, this divisor is contained 
13 timeB in this dividend: but, for a reason which will appear on 
a little reflection, we can never, in such a case, rise so high us 1U.— 
so it is, also, in ordinary long division. — For if it would require so 
large a. number as 10 for a quotient, that would prove that the 
division just before effected had not been duly made ; that the 
remainder was too large; that the foregoing quotient figure ought 
to be higher, which, however, in this case, as we have seen, it could 
not be, and therefore, the answer to the question. — How many 
times are two found in twenty-six * must be something ui/di'/- Irn. 
Let us then try the next lower number, let us try what nine will do. 
This nine, as you will here see, is the number _„ .„ 

required. Write it down, according to the rule, in , ' 

both divisor and quotient, and finish the process, 

according to the sixth article of the rule, and, as it ^ ) ^ 6l 
stands here in the margin : and. the result is that 19 
is the square root of 361, 



and m 



186. The process is somewhat intricate, 
shall not do amiss by practising on another example 
or two. In paragraphs 175 and 176, before we had 
the rule, I suggested the difficulty, if not impracti- 
cability of discovering, without that rule, the root 
of the small number we have just worked, and the 
yet greater difficulty of discovering that of a number 
a little larger, namely, 1369. We have seen how 
very easily, by means of the rule, the 
square root of 361 is extracted. Let us 1369(3? 
now take the other number, and see 
whether its square root can, with the 
same ease be evolved. It stands in the 
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margin, and, although about tour times as large in 
amount, us the preceding example, it yields, as you 
see, with equal facility to the operation of the rule. 

IS7. However, the mere operation; the rule, 
merely, by which the operation is to be performed, i 
it the thing that I am ambitious to teach. Thathai 
KKtt taught by others. We must have the reasons, the 
rinciple on which the rule is founded; the principle 
i which all the operations or rules for extracting 
the square root of numbers, are and must be founded. 

188. Let u;, for the purpose of developing this 
principle, begin with the last example; namely, the 
extracting of the square root of the number 1369. — 
In paragraph 178 I have spoken of a mode of ascer- 
taining the square root of any number by arranging, 
in one square, the given number of smaller squares 
on which the operation is to he made. I spoke of 
such a mode, for the purpose of illustration, as prac- 
ticable, but not as a mode ever practised. 

189. In conformity with that suggestion, let us 
now suppose that we have before us the 1369 small 
squares implied in the proposition ; and, that these 
are, each of them, squares of one inch : The question 
being, what will be the dimension, what the root of 
i square which shall lie formed by, and which shall 
delude the whole of these 1369 small squares'? 

190. The number is thirteen hundred I3 0° 
ud sixty-nine, which, in figures may be ■-- 
.a ted as here in the margin. Now observe 

2 operation of the rule, in reducing these 1369 
several squares, into a single square, the root of 
which, that is to say, one side of which, aud of con? 
sequence, every side of which is, as the quotient tells 
us, 37 inches. The first step in the operation is 
directed to the discovery of the nearest root to the 
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number 13. which 13 is, of course, 13 hundred. 

it square root of thirteen, as we find is three, t 
square of which 3. namely 9. being subtracted f 
the 13, leaves a remainder ot 4. 

19 1. Now. let us look well at the value of t 
several numbers ; let us not suffer them to remain a 
mere unsubstantial abstractions; but look well i 
the things which they here represent. 

195. The entire square uumber, as we have seen, 
represents 1369 squares, each of one inch. In ex- 
tracting the root of such a number we have found it 
expedient to divide it into portions, or periods, as we 
have called them, and the portion on which we have 
commenced tbe operation is the two figures 13, 
This 13 we find contains, leaving a considerable 
remainder, it contains the square of 3 ; that is, 9. 
and our present purpose is, to ascertain what the 
quantities are that these several figures represent. 

193. In the first place we have ascertained, by 
marking off into periods, the given square number, 
that its root will be expressed by two figures, the 
higher of which will therefore stand in the place of, 
mid represent tens. This 3, the root of 9, is the first, 
and higher figure; therefore it represents thirty; 
and its square, 9, consequently represents nine 
hundred. Look at the places in which these several 
figures stand, and you see that such is their resi 
live value. 



pec- 
save 






194. Now these nine hundred are nothing sa' 
so many of the small squares with which we are 
dealing ; and the thirty, which is their 
square root, tells us that nine hundred 
square inches will form one square of 
thirty inches. Let ussuppose this square 
of thirty inches to be represented by the 
figure in the margin. 
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195. But it is the size of a square con- 
structed of thirteen hundred and siuty-nine 
that we have to discover. \ ery well : we 
have ascertained the size of a square which 
nine hundred will form, and have,thereby,disposed o 
so many of the number. This much of the process 
leaves us, as is shown by the statement in the mar- 
gin, four hundred and sixty-nine of the lesser squares 
still to be operated upon ; still to be disposed of. 

196. The question now before us is. In wh 
manner does the process laid down in the rule effe 
the disposal of these remaining 469 small squares? 

197. Had we the square forms all 
laid before us, we might proceed 
to place these small ones around the 
larger one, somewhat in the manner 
indicated by the figure in the margin, 
until we had disposed of the 469. 
But arithmetic, which has enabled us, in a sini 
minute, and by the mere writing down of a very few 

;ures, to dispose of nine hundred of the smalh 
squares ; this arithmetic saves us from so tediou 
and so childish a proceeding. Still we have to inquire 
In what manner does the process laid down in th< 
rule, dispose of these remaining 469 small squares. 



198. There is another mode in 
which, had we the several squares 
before us, we might dispose of 
the 469 small ones, in the enlarge- 
ment of the largersquare. Instead 
of arranging the small ones all 
around ; instead of entirely en- 
veloping the large square with the 

remaining small ones, as indicated 
above, the square form may be preserved by mak: 
the additions to two of the sides merely ; as shown i 
the figure annexed to this paragraph. 
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199. Other modes of actually arranging the raate- 
rials'to the proposed end than these two, there are 
not. So that, if the arithmetical process be indica- 
tive of, or founded on any palpable and visible 
erection of a real square, that process must proceed 
in one of these two modes. Let us, then, look closely 
at the process, and inquire. 

200. The arithmetical process standing 1369(3 

as here stated in the margin, we are next J! 

directed, by the fifth and sixth articles of 469 
the rule, to " double the quotient already found for 
a new divisor."— There are, also, some little expe- 
dientsjor shortening the process taught in the article, 
which expedients may, with advantage be here omit- 
ted.— We are to double this quotient, and to write 
down its double in the usual place of a divisor; then, 
to find out the number of times that this divisor is 
contained in the number remaining, to annex the 
figure representing that number of times, to the 
quotient, and so to proceed with the work, 

as in ordinary long division, and us is 1369(37 
here shown in the margin. Leaving out, fin -r-T 
however, as I here do, the shortening ex- 
pedients, I must call the first figure in the 
quotient, — not three,— }mt thirty — which 
number it really represents, — I call this first figure 
thirty, the double of which, as directed, I write 
down, for the new divisor: then finding that this 
divisor is seven times in the dividend, I annex the 7 
to the quotient, multiply the divisor by it, and sub- 
tract the product, which is 420, from the remainder. 

201. Let us now, again, stop to mark what we 
have done ; let us, as we did before, look well at the 
value of the several numbers which have presented 
themselves since our former examination ; let us see 
clearly, what it is that they respectively represent. 



1)469 

5 
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302. The first number is the double of the quo- 
tient, namely si.rty : the second is seven, and their 
product tB four hundred and twenty. Now it is of 
square inches that we are treating. And we h;iv<' 
multiplied sixty such inches by seven ; or, rather, 
we have multiplied thirty doubted, by seven ; that 
is to say, two thirties by seven. 

203. Now, it is but a part of our business here to 
observe, that the product of thirty multiplied by 
seven is 210; our main purpose is, to consider, what 
is the size and the form of the superficies described 
by the words, thirty inches by seven. 



204. Our course of reasoning only requires me to 
state that which is obvious to the reader, namely, 
that the superficies represented by these two dimen- 
sions is a parallelogram, thirty inches long and 
seven inches broad. 

205. But how does the discovery of this contribute 
to the solution of the question on which we are 
engaged ; in what manner can a parallelogram of 
this description be applied ? 

206. It is applied thus,— It will be recollected 
that, in the first step of the operation, we found a 
square of thirty inches. Here we have a parallelo- 
gram of the same length, that is, thirty inches, and 
of the breadth of seven inches ; nay, we have two 
Mich parallelograms, and the question is, How can 
these two parallelograms be applied in the regular 
enlargement of the square of thirty inches? 



207. These parallelograms are to 
be applied ; by the principle of the 
rule, indeed, they are applied in the 
manner indicated by the figure in the 
margin ; that is to say, one of them 
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goes to augment the primary square in what may be 
termed its breadth, and the other adds to its depth. 

208. And what, let us now ask ; what is the 
number of the small squares on which we have just 
been working ; what is the number of these squares 
employed in the formation of these two parallelo- 
grams? That number is, as is shown by the process, 
420 ; and this is the third number concerning which 
we proposed to inquire. 

209. Thus have we, by two steps of the process, 
employed, or ivorked up, as we may say, first 900, 
and now 420, making, together, 1320 of the small 
squares, which it was proposed to erect into one 
larger one ; and we have yet remaining, as is like- 
wise shown in the last statement of the process, 49 of 
the small squares ; from which arises the question, 
how can these remaining 49 be disposed of in the 
erection of the square ; in what manner does the 
rule teach us to apply them to that end? 

210. Casting our eyes on the figure, as we left it 
three paragraphs back, we see a deficiency in it, which 
must be supplied, in order to complete the square. 
This deficiency, which is occasioned by want of length 
in one of the parallelograms to reach over the end 
of the other, this deficiency is, as is sufficiently 
obvious, a small square of the breadth of those 
parallelograms ; that is to say, a square of seven 
inches. We have a remainder of 49, the root of 
which being 7, is just the quantity required to com- 
plete the larger square. It is scarcely necessary to 
observe, that for this first experiment I have deemed 
it proper to adopt a number which forms a square 
without leaving a remainder. In a subsequent 
analysis of the process on other numbers, it will be 
our business to mark how remainders, how fractions 
are disposed of in the formation of the square. 



* 
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211. However, although we have now completed 
the geometrical figure of the square, we have yet to 
trace the manner in which the arithmetical process 
treats and applies this remainder of 49 to that end. 

212. In paragraph 200, in which we left the 
process standing with this remainder of 49, in that 
paragraph I alluded to some expedients for shorten- 
ing the process, which expedients, for greater sim- 
plicity, I deemed it advisable there to omit, and 
that omission it was which left this remainder on 
our hands. We there " doubled the quotient 30 for 
a new divisor" and so proceeded with the work. 
Whereas the rule directs us — see Article the 
Fifth — to annex to that double, the number of times 
that it is found in a certain part of the dividend, 
which number of times being written, also, in the 
quotient, we are directed, in the sixth Article, to 
proceed with the operation, as in long division. 

213. This annexation of the number 1369 ( 3'/ 

of times that the doubled quotient is — 

found in the dividend, this addition 420 

to the new divisor, is the expedient — 49- 

for shortening the process, to which I 
alluded. Omitting this expedient, we 1369 (37 

had the 49 as a remainder, as it again 9 

appears in (he first example here in 67 ) 469 
the margin. Whereas, when we per- — ttt 

form the operation according to the 
Rule, that is to say, when we annex the new quo- 
tient figure to the new divisor, and so proceed with 
the division, the whole number is disposed of; there 
is no remainder. And so the square number 1369 is 
duly resolved into its root of 37. 

214. Is it observed that we double the former 
quotient number, for a new divisor, and do not 
double the number just found, which number, how- 

o 
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ever, wc annex to it ; is this remarked upon; ant! 
arc we asked, why one number is to be doubled, and 
not the other; why this divisor is to be composed 
of a doubled number and a single onel The answer 
to this question completes the analysis. And this 
answer we have if we cast our eyes on the geometri- 
cal figure as it stands in the margin, 
recollecting, at the same time, that 
our first step in the process gave us 
the larger square of 30 inches, with 
469 yet to be applied to its enlarge- 
ment, that this enlargement is effected 
by the addition of one parallelogram 
of 30 inches by 7, on one side, and by auother of 
the same dimensions on the other, that is to say, 
by the DOUBLE of one parallelogram of this size, anil 
by one, only by one, small square of 7. Therefore 
it is, that we double the 30, or former quotient, for a 
new divisor, thereby making it 60 ; and requiring 
the 7 only once, we annex it, making the new divisor 
67, complete. 

215. Thus have we completed the square; thus 
have we employed and worked up, in the construction 
of that square, the number which was given where- 
with to form it. And in this construction we have 
that which we sought, namely, THE PRINCIPLE 
of the Rule. And having this ; once knowing how 
it is that figures are employed in order to reduce a 
mere aggregate number of smaller squares to one 
large one ; once knowing How it is that figures 
are thus employed, we not only proceed like intelli- 
gent beings, knowing the meaning of every move- 
ment we make, but when, for want of use, or of 
practice, we forget the rule, we can, without the aid 
of the book, re-construct that rule, simply by calling 
to mind the palpable geometrical figure, and 
with it the principle of the operation from which 
it is scarcely conceivable that it can be dissociate)" 
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2li>. Another recapitulation or summing np 
K process will afford us an opportunity, nut only n 
iringiug it within a smaller compass, and o( fixing 
mure clearlv io the mind, bat will, also, enable ns 
introduce one or two other circumstances that are 
iquisite to the completion of the rule, the introdoc- 
of which on any earlier occasion, would have 
ended to encumber our proc; | 

217. The rule, then, directs us, first to take the 
umber, the root of which we have to find, aud to 
ark it off into periods of a suitable size for the 
rocess ; so to mark it ofi that, when we take the 
t period, that is, the highest part of the number 
r the formation of the first and chief square, we 
tall still, in one period at least that we leave, have 
sufficiency to form the two parallelograms and the 
lall square wherewith to complete its enlargement, 
aving so marked off the given number, we find 
root of the first period, which, even when a 
ingle unit only, is, because of the place in which it 
ands, always significant of a larger quantity than 
at signified bv all the other figures ; finding the 
uare root of this first period, we are directed to 
itc that root down as tlie first and chief figure of 
r quotient or root ; then to subtract its square 
m the period spoken of; then, to the remainder, 
there be one, we are to bring down the next 
riod ; and, indeed, remainder or not, we bring 
own the next period wherewith to enlarge the tit-si 
chief square. Having done this, having thus 
is usually termed a new dividend, we see, 
lether it be sufficient to supply something more 
tan the double of the quotient, that is to sav* 
lether it will furnish us with the two pimdloln- 
rams and the square, which, if it will do, we 
proceed with the division, if it will not, we snv /ml, 
by writing a nought or cipher in the quotient, and b 
Tesponding one in the divisor, and then proceed 
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by bringing down to this inadequate dividend, the 
next period of figures, it' there be yet a period to 
bring down ; but, if there be no such period, we 
have to deal with the remainder as with a decimal 
raction ; of which hereafter. 

218. However, if, leaving out the last figure, as a 
reserve for the small square ; if, leaving this figure, 
we find in the new dividend sufficient to take the 
double of the quotient, our next thought is, how often 
will it take that double quotient. In the example 
on which we have been working, we found that the 
new dividend would contain the double quotient 
seven times, therefore, it was, that our parallelograms 
were, iu breadth, 7 inches, aud one small square to 
complete the corner, was also a square of 7 inches. 
But had this double quotient been found six times 
only, in that portion of the dividend, si&, instead 
of seven inches would have been the breadth of 
the parallelograms and of the little square; or, had 
that double quotient been found once only, then 
would one inch have been the breadth of the parallel- 
ograms, and the little square one inch also. 

219. Although we have thus accomplished a de- 
velopment of the principle, and shown how nicely 
the operation and the rule conform to it, yet are 
there two other points incidental to that operation, 
on which it remains to say a few Words. These 
points are ; First, The manner in which, when the 
square number on which we have to operate con- 
tains more than two periods of figures— for to this 
extent only have we yet traced the operation — a nd, 
Second, When we have a remainder insufficient in 
quantity to give us an integral number in the quo- 
tient or root. A few words remain to be said on the 
manner in which, in each of these cases, the quanti- 
ties are disposed of in the enlargement of the square. 
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220. First; On the case in which the square 
number, the root of which is to be extracted, con- 
tains more than two periods of figures ; our analysis 
baying been performed on a number of two periods 
only. The question is, how does the third ; and how 
does any subsequent period go towards the construc- 
tion and enlargement of the square ; and, in what 
manner are such quantities disposed of in such con- 
struction and enlargement ? 

221. The answer is very simple, and clear. The 
square is complete, as we have seen, after the opera- 
tion on the first period ; it is enlarged, and as we 
have seen, again completed, by the operation on the 
second period ; and, just as the second period goes 
to its enlargement and completion, so does the 
third, and so does any succeeding period. — How 
orderly, how beautiful, and how universally applica- 
ble to their respective purposes, are the principles 
of science! — We have this beauty, this order, this 
harmony again in the 

222. Second, and only remaining point to be 
considered ; namely, the manner in which, when we 
come to deal with fractional quantities, the manner 
in which, when we have done with integral numbers, 
these partis fall into their office of yet further contri- 
buting to enlarge the square, until it have involved 
itself in the whole of the quantity proposed to be 
resolved. 

223. Fractions are parts ; a fraction is a part of 
a whole. Now, what is a whole ; what is one of the 
integral quantities with which we have been dealing 
in thq foregoing process ; what is it but a square 
inch? 

224. We supposed that we had 1 369 square inches 
to reduce into, or to construct into one square ; and 
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we found that this quantity of superficial measure 
gave us one square of 37 inches. We have seen the 
manner in which, by the working of the problem, 
these several inches were employed in the construc- 
tion of this larger square ; we have seen that the 
last divisor being found seven times in its dividend, 
gave us the requisite parallelograms and the little 
square wherewith to enlarge our first square from 
30 to 37 inches ; that is to say, to add 7 inches to 
the size of the first square : now, had the number to 
be evolved, instead of 1369 been 1296, the size of 
our square would have been 36. Or, had it been 
1 444, we should have had material wherewith to make 
the additional parallelograms and the small square 
eight, instead of seven inches broad ; for 1444 gives a 
square root of 3.4. Thus, then, these several square 
numbers give each a root iu whole numbers or 
integers. 

2'25. But, suppose that, instead of either of these 
numbers, we had to evolve the root of some number 
between some two of them ; suppose that, instead 
of 1369 which just gives us a square of 37 inches, 
we had a uumber which would give us one of 37^ 
inches; that is to say — for thus is the quantity 
expressed decimally — suppose we had 1406.25. 
How, then, would the half inch be dealt with ; how 
brought, by the arithmetical process, to the enlarge- 
ment of the first square ? The answer is shown in 
the process here exhibited in the 
margin, and may be thus explained. 
As the first square of 30 inches is 1«6.25(: 

enlarged, by the second step in the fi7 , r()( . 
working, to 37 inches, so, by a third 469 

step is this 37 enlarged by the deci- 745 ) . 372,5 
mal .5, that is 5 tenths, or one half. 3725 

It is enlarged in the same manner 
as the first square was enlarged by 
the second step of the process ; that is, by the a 
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tJiQfi of two parallelograms and one square, the 
parallelograms being in this case each 37 inches 
long, and half an inch broad, and the square being 
simply a square half inch. 

226. Tet further to illustrate this operation of 
the rule. — Let the number, the square root of which 
we are to extract, be 1387.5625. This is a smaller 
number than the last, and its root, supposing that 
we are still treating of inches, is 37 £ inches But, 
although smaller in amount, it has one period of 
figures more, and consequently requires oue opera- 
tion more, and gives us one figure more in its root. 
This root, as it will appear, is 37.25 — Now the 
,25 being expressive of one quarter merely, it may 
naturally be asked, Is the square of 37 increased, in 
this case, by the addition of two parallelograms and 
a square of one quarter of an inch in breadth ; or, is 
it increased first by parallelograms and a square of 
2 tenths of an inch; and being thus 37 . 2, is this 
square then augmented, in like manner, only by the 
minute layer, on two of its sides, of 5 hundredths of 
an inch ; that is to say, by the small quantity ex- 
pressed by the second decimal figure; — In which 
of these two modes is it that the square of 37 is 
increased ? The answer is, that the increase is 
made in the latter mode. At each step in the opera- 
tion by which we add a significant figure to the root, 
at each of these steps do we make an addition, such 
as is expressed by that figure, an addition to the size of 
the square ; at each step in the process the square is 
completed ; the next step again leaving it complete, 
whether the addition made to its dimension be ever 
so large, or so minute as to be imperceptible to our 
senses. 

227. Take one other example, and let it be a 
square number, giving us a root of three figures, am 
without decimals : let this number be 56 1 69. Th 
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working of this example here follows, and with this 
a diagram, showing the manner in which, by the 
second, and then hy the third step in the process, 
the additions are made to the first or primary square. 
And with these is given a statement, in figures, of 
the several quantities, of the several squares and 
parallelograms, which quantities added together, 
and amounting to the given square number, furnish 
a new, and an additional proof, not merely of the 
correctness of the process, hut likewise of the sound- 
ness of the principle which we have developed. 





30 x 200 = 6000 
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200 X 200 = -10000 
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The primary square 200 x 200 = 40000 

The first two parallelograms . .\ g * Jg ~ fggg 

The small square 30 X 30 = 900 

mi. ,, „ , S 7 X 230 = 1GI0 

Ine second two parallelograms A 7 x 1,30 _ jfjif) 

The small square 7 X 7 = 




228. In the notes appended to paragraph 185 
observed that the unit One has no power of multipli- 
cation. This is a negative proposition, and there- 
fore not directly demonstrable. To this observation 
it is added, that One is its own square. Now this is 
scarcely more demonstrable than is any self-evident 
proposition. It is, indeed, but an identical propo- 
sition ; the root, and the square of one being identical. 
For, what is THE THING spoken of? In this 
case it is superficial quantity ; it is one square in< " 
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; square foot, one square yard, one square mile, 
some such space or surface. Now 
let it be the first of these. Let this 
figure be a square inch. That it is its 
own root, and its own square ; or in other 
words, that its root and its square are 
identical is evident. For let it be, as it 
is in all other quantities, that the square is more 
than its root. The supposition is irreconcileable and 
absurd : and equally absurd would be the supposi- 
tion that the root of One is less than its square. If it 
were more, or if it were less, then it would not be 
one square inch, which, by the terms of the proposi- 
tion it is to be. So the root and the square of One 
is the same thing. 

229. Let us take another view of this matter; for 
it is important. Let it be that we have to extract 
the square root of 2£. And let the quantity be two 
;ind a quarter inches. Our business, then, is to 
ascertain the size of a square, that is, the extent of 
one side of a square, the contents of which shall be 
2| inches. In order to work the question, we must 
have the fraction stated as a decimal. 
So the expression will stand thus, 2.25. 2.25 ( 1. 

Now to extract the square root of this ■ — 

number. The process stands here in ' j'og 
the margin. The answer to the ques- . . . 

tion being that 1.5 is the root; that 
is, that 1£ inch is the size of a square the contents 
of which are 3| inches. So much for the process 
and the statement in figures. 



230. Let us now direct our attention to the ma- 
terial of which we are treating. 
It is of superficial quantity ; 
the quantity being two and a 
quarter square inches. Let this 
quantity be represented by the 
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figure in the margin. The arithmetical process 
as above, for the first in the quotient, the 
This One is an integer. It is one square inch. L« 
be represented by the square below. Deducted ft 
2.25 this 1 leaves 1.25 still to be 
applied to the formation or enlarge- 
ment of the square. The next step 
in the process applies this quantity 
thus. It furnishes us with two paral- 
lelograms, each one inch long and 
five tenths of an inch broad. Seethe 
decimal .5 in the quotient, multi- 
plied by 2 in the divisor; and, then, the corner is 
filled, and the enlarged square completed, by the 
square half inch, formed of the quarter inch slip, or 
parallelogram which appears in the first figure; and 
which is represented by the decimal .25, the square 
root of which, as seen in the quotient, is . 5. 

231. In the foregoing process of figures, the deci- 
mals are marked oil:' from the integers, at every step, 
and this has been done in order to show, at every 
step, the value of every figure. This marking, 
however, on ordinary occasions, is 
quite unnecessary. It must of course, 
when there are decimals, be seen in 
the first dividend, or square number, 
and again in the root. 1 he statement, 
in short, should stand as here in the 
margin. 

232. Let us not overlook the favourable oppoi 
nity, but mark once more, how aptly, and how nicely 
the arithmetical process applies the given quantity, 
namely, 2.25, to the formation of the required 
square. First we have a square inch — see the 
diagrams — to enlarge this square we require two 
parallelograms, each one inch long, that is, together 
two inches. Observe this 2, the double of the first 
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,uotient figure, take its place as a divisor. Thi 
imes the question, What breadth may these two 
'dies be? — They may be 5, is the answer. Five! 
at five what ; we have only 1 .25 — that is, one inch 
:nd a quarter, wherewith to form them ; so what is 
his 5 ? It is the decimal .5 ; it is five tenths ; that 
one half. So the two parallelograms being bu< 

half an inch broad, although together two inches 

long, require only one inch, one square inch of sup< 

ficies wherewith to form them. 



I 

wo 



an 
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233. There yet remains the decimal quantity ,25 
to dispose of, and the small square in the corner is 
to be supplied. The parallelograms are half an 
inch broad ; the square must be the same breadth 
it must, then, be a square half inch.— A square In 
inch! — Why, here is only the decimal quantity .2. 
that is, a quarter of an inch wherewith to form 
And yet it does appear, from the working, to be 
sufficient. For the decimal .5, that is, a half, when 
squared, gives us but .25, that is a quarter. — How is 
this, that a square half should thus seem to be 
formed out of a quarter? — Nothing more natural, 
nothing more reasonable than this 
question. It is answered, however, 
when we call to mind, or look at 
the things of which we are speak- 
ing. Look at a diagram. Let this 
in the margin represent a square 
inch and a quarter. It is sufficient, 
as I have said, to look at it, in 
order to have the answer. It is not a square inch 
and a square quarter of an inch ; but a square inch 
and a quarter of that inch. Now a quarter of a 
square inch will be equal to, will make a square half 
inch. It is, in fact, as in the diagram, a parallelo- 
gram, one inch long and a quarter of an inch broad, 
f divided in the middle it makes two parallelograms, 
each half an inch long and a quarter of an inch broad ; 
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and if placed side by side they form a square half 
inch, as shown in the diagram ; and this square half 
inch, as is likewise apparent, is one quarter of the 
square inch. How perfect, how consistent, how 
admirable is truth ! 

234. There are other methods, and other expe- 
dients than this which I have laid down for extracting 
the square root ; but all those methods and expedients 
are dependent on the same principle ; they are 
merely other methods, and other expedients, to 
which the persons who have incurred the labour of 
learning them, may hnve become partial, without 
any rational ground of preference. With respect 
to this method, which I have adopted, it is, I believe, 
as simple as is any other, and I have given it the 
preference, because it appears to me to keep the 
principle constantly in sight. So much for methods 
of performing the operation. But, for expedients, 
of which doubtless there is a variety ; for expedients 
of approximating to the root, the readiest and the 
best, I imagine, must be by Tables of Logarithms, 
of which I shall find occasion to speak, when, at the 
close of the article on the Cube Root, I treat of the 
extraction of that root by the use of the same Tables. 
It only remains with us now, with regard to this 
affair, the extraction of the square root, to say 
something respecting the uses of the operation, the 
principle, and the practice of which has engaged so 
much of our attention. 

Of the Utility of this Rule. 

235. This, after all, is the important point ; a 
point which ought to be borne in mind in all our 
undertakings and employments. The utility, how- 
ever, may be direct, or it may be indirect. There are 
many direct advantages derivable from a knowledge 
of the rule. It has numerous practical applications; 
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besides that, without it there would be a sort of 
chasm in mathematical science. But the advantages, 
chiefly, which I contemplate iu the study of it, when 
that study is pursued in the manner in which I 
have here attempted to conduct it, these advantages 
are of an indirect nature, and to be looked for in the 
improvement of the mind ; in the pleasing and 
invigorating exercise which is here required ; and 
which study will, I expect, find its ample reward iu 
an increased relish for truth ; and in a conscious 
improvement of the faculties by which truth is to be 
«vered. 



I 



'36. With regard, however, to the direct uses of 
the rule. I may name, and may treat of, but a tew 
of them ; and these, too, must be the more obvious 
and more general. Architects and Surveyors may, 
for any thing that I know, follow their occupations 
without the actual use of the rule ; they may accom- 
plish its purposes by the aid of scales, of tables, and 
of little expedients or contrivances which they learn 
from each other, or derive from their practice; but the 
rule, or rather, the principle of the rule, is the source 
of several of these expedients; and it is satisfactory, 
and useful, therefore, to be acquainted with that 
principle. But in Gauging, in Mensuration, in 
Engineering, both civil and military, and in several 
of the sciences dependent on calculations, the em- 
ployment of this rule, or a reference to its principle, 
is of frequent, and in some of them of constant 
occurrence. However, as I have intimated, an 
enumeration of a few of the more general and more 
obvious uses of this rule must here suffice ; and we 
will treat of them iu this order. 

First. — To find the mean proportional between two 

given numbers. 
Second. — To find the size of a square equal in area 

to a superficies of any other form. 
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Third. — To find the diameter of a circle, the area 

or contents being given. 
Fourth. — To find the hypothenuse of a right-angled 

triangle, the base and perpendicular being 

given. 
ElKTH.— The hypothen~u.se, and one other side of a 

right-angled triangle being given, to find the 

other side. 

237. A mean proportional between two numbers, 
is a number which shall stand between, bearing the 
same relation towards the smaller of the given num- 
bers, as does the larger towards it. Thus, 3 is the 
mean proportional between I and 9 ; for this mean, 
or middle number, is three times as lar^e as the first ; 
which is the proportion borne by the last to the mid- 
dle; and the three terms, or proportionals would 
stand thus 1:3:9. In like manner, 3, 9, 27 are 
proportionals ; 9 being the mean proportional. 
Again, 8, 32, 128 are proportionals; the mean of 
which is 32. Now, how to discover this mid' 
number, having only the two extremes. 
The Rule is, to multiply the two given 
numbers together, and, of the product 
to extract the square root; which root 
will be the mean proportional. See the 
operation in the margin : to find the 
mean proportional between 7 and 175. 

238. The size of a square, equal in area to an^ 
given superficies, is found by a mere extraction of the 
square root of the number expressing that superficies. 

239. The Diameter of a Circle is the longest 
right line that can be drawn within its circumference; 
this line, therefore, passes through the centre, and 
extends each end to the circumference. A line of 
this description is one of the measures or gauges of 
a circle, and, to a square, of which this line might h 
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one side, the circle, of which it is the diameter, has 
been found t<j bear a proportion of somewhat more 
than three-fourths of a whole : the proportion is 

fenerally expressed by the decimal .7854 to a unit, 
low, the size of a circle, the area of which shall be 
equal to - a given quantity, is frequently required. 
The extraction of the square root of the number ex- 
pressive of any area, will give us the size of its 
square ; so to find the diameter of a circle, the area 
being given, reduce that area to its due proportion, 
by dividing it — as we must term it — by the decimal 
• 7854, then extract the square root of the quotient, 
and that root will be the diameter required. For an 
example — setting aside small fractions — suppose 
we would find the diameter of a circle the area of 
which should comprise 5 feet. We find that 5, that 
is 5.00000000, divided— or rather reduced by .7854, 
gives us 6.3278, the square root of which is 2.51 ; 
that is a trifle more than 2^ feet. 

240. The hypothenuse is the longest side of a 
right-angled triangle. A right-angled triangle is a 
triangle having one of its angles a right-angle — see 
paragraph 137 — and, opposite to this angle is the 
hypothenuse. Now, whatever may be the size of 
the triangle, or the relative size of its two other 
sides, the sum of the squares of those two sides will 
be the square of the hypothenuse. To find the 
hypothenuse, then, we square the dimensions of the 
two given sides, add these two squares together, and 
the square root of that sum will be the dimension of 
the hypothenuse. 

241. This fifth and last theorem, of which I pro- 
pose to speak, is a mere inference or corollary from 
the latter. The square of the hypothenuse being 
equal to the squares of the other two sides of a right 
angled triangle, if we subtract from the square of the 
hypothenuse the square of the given side, whatever 
remains will be the square of the other side. 
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242. The sphere may be as simple, but the c 
is more compact. The prism and the pyramid r 
be equally compact ; but, whilst there ia no forr 
which more matter can be comprised within 
dimensions than is comprised in the cube, its I 
is more simple than are those, for the cube, like the 
sphere, requires but one dimension ; its length, its 
breadth, and its thickness being the same : so that 
a single line will be the measure, and will apprise us 
of the quantity comprised in any cube. 

243. This single line, which may be the length, 
or the breadth, or the thickness of the cube, this 
single line is the Root of the cube ; as it is the root 
of one of its sides, each of which sides presents an 
exact and true square. 

244. The cube, like all other solid figures or 
bodies, has length, breadth, and thickness ; that is, 
extent or dimension in three several directions. 
Length, necessarily requires two ends, breadth, de- 
mands two sides, as does thickness also require two 
sides. These ends and sides of a cube are all equal ; 
they are, in fact, six sides, and these sides are all 
squares. Thus, then, a cube may be defined — 
A quantity of matter bounded by six equal squares. 

245. However, the cube has length, breadth, and 
thickness, and these three dimensions being uniform 
and equal, a line, which is the true measure of one 
of these dimensions, as before stated, is the Root of 
the cube. The discovery of this root, the method of 
discovering or of finding this line, by the use of num- 
bers, and the principle on which the operation pro- 
ceeds ; these are the matters concerning which we 
are now to inquire. 
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246. Not, however, that the cuhe, the root 
which is to be found, not that the cube is supposed 
to be formed, and lying before us. Were it so, the 
question as to its root would he solved by simply 
applying a suitable measure or gauge to one of its 
sides. No ; the supposition is, that it is given to us 
to inquire — What will, or what would be the size of 
a cube constructed of a given quantity of materials? 
This is really the question in all propositions as 
to the cube root. 

247. The question may not specify anything about 
materials. It may ask, merely, what is the cube 
root of a given number; a mere number, abstract 
from any specific quantity or material. And this is 
the manner in which mathematicians commonly deal 
with the subject. 

248. Still, however, quantity, and not number 
nerely, is supposed. It is, for instance, proposed to us, 
o find the cube root of 3375 — which root is 15 — the 
lumbers are applicable to any description of measure 

of solid quantity, that is, of bulky quantity ; it may 
be inches, feet, yards; or gallons, pecks, bushels, 
and so on. But it is not the custom to carry on the cal- 
culations immediately in the latter denominations of 
measures ; that is, in gallons, pecks, nor bushels. 
For measuring, that is to say, for gauging vessels, 
or places containing, or designed to contain articles 
measured thus, the practice is to make the calcula- 
tions in inches. For example. Did we want to 
know what would be the dimension of a cubical 
vessel adapted to contain exactly the above number, 
la, 3375 gallons, of liquor measure, we should 
ed thus : Finding that each gallon contains — 
ccording to the recent enactment of what they have 
ailed the "Imperial Gallon" — finding that each 
allon contains 277 .274 cubic inches, we should mul- 
ply this 3375, the number of gallons, by 277.274; 
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that is to say, we should reduce the gallons to cubi- 
cal inches ; then, extract the cube root of the number 
of those inches, and thus should we find the required 
dimension in inches. This root would then be 97.81. 
So a vessel 97.81 inches each way ; that is, a cubical 
vessel of this dimension, would contain 3375 "Tm- 
periai" Gallons. This is the manner in which the 
practical gauger proceeds ; and, to this end he has 
his Tables, which inform him, on a mere inspection, 
of the number of cubic, or, as they are familiarly 
called, of solid inches in each of these measures ; and 
of the number of gallons in any given number of 
cubic inches. 

249. So that, although, as mathematicians merely, 
we deal in abstract numbers, those numbers, in pro- 
positions relating to squares and cubes, are always 
applicable to actual form and matter. After solid 
measure; that is to say, after the cube, which having 
length, breadth, and thickness, has, in point of 
quantity, all that matter can contain, after the cube, 
containing these three dimensions, and called, there- 
fore the third power, after this come fourth, fifth, 
and higher powers, with which, for certain purposes, 
mathematicians have to deal. But all these are 
mere abstractions. Having no reference to form, 
nor to substance. And, in the contemplation of them 
the mind cannot be too sparingly indulged. I know 
of no other pursuit so well calculated to clear and 
invigorate the mind, as is the pursuit of this science 
of numbers, so far as real substances are the objects 
of calculation, but beyond this, the mind seems to 
have nothing to sustain it, and I am convinced by 
observation, and by my own experience, that how- 
ever it may soar in the pursuit, an habitual indulgence 
in these abstractions, impairs, and very frequently 
destroys the mind. Let us now proceed with our 
inquiry. 
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250. The question to be resolved is this ; In "Iv.it 
manner shall we proceed, having a certain quantity 
of materials proposed for the purpose; in what 
manner shall we proceed, without actually building 
up, or constructing a cube ; in what manner shall we 
best, by the use of numbers alone, determine the 
size of a cube constructed out of a given quantity 
of materials i 

251. Now, the materials must, of course, be of a 
cubical form, or reducible to this form. We cannot 
work with incongruous materials. Again, the parts, 
wherewith it is proposed to construct the cube, must 
he of an uniform size; or, as the first step in our 
undertaking, they must be reduced to an uniform 
size. For example ; suppose we had to determine 
what must be the size of a cubical vessel, that 
would just contain 560 bushels, 3 pecks, 1 gallon, 

nd 3 quarts. We must, in the outset, proceed to 
wing these several quantities under one denomina- 
tion. Which denomination should be tlie integer. 
Did we choose that bushels should be the denomina- 
tion, then must the pecks, gallon, and quarts be 
reduced to a decimal, as they are reduced, after 
being stated as fractions, in proposition (7) subjoined 
to paragraph 105. These pecks, gallon, and quarts, 
reduced to the decimal of a bushel, are .968 ; so the 
quantity, in bushels, for which we have to find a 
cubical vessel is 560,968. 

252. But we do not extract the cube root of this, 
the number of bushels. Were we to do this, the 
answer to our inquiry Would come out in bushels, 
and we should be but little nearer to our object; 
which object must, of course, be to ascertain the di- 
mensions of the required vessel, in feet and inches ; 
or in some such measurement. To attain this end, 
then, before we extract the root, we reduce the 
bushels to inches; of course, by multiplying th> 
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number of bushels by the number of cubical inches 
wh ch constitute a bushel. And then, extracting 
tin root of the number produced by that multiplica- 
tion, we have the required dimension in inches. 

853. However, before we proceed to the operation, 
we must look yet a little nearer at the object we 
have to attain. 

254. Speaking of it arithmetically, the cube is the 
third power. That is to say, it is the product of the 
length, the breadth, and the thickness of a body 
bounded by six equal sides; it is the product of 
these three dimensions multiplied together. That 
is THE CUBE. 

255. But it is the Root of the cube that we have 
to inquire into ; it is one of these three dimensions 
that we have to discover ; it is, having the quantity, 
having the sum, the amount of material contained, 
or to be contained, within a form of this description, 
it is the having this quantity merely named to us, to 
find out, what must be the dimension of one of the 
equal sides of the whole quantity. 

256. There are very small numbers the cube root 
of which we can see at once, for instance 8, the root 
of which is 2 ; for 2 x 2 x 2 = 8. And this, it may 
be as well to observe, is the Jlrst, or smallest number 
that has a whole number for its cube root : this is the 
smallest cube number having another yet smaller 
whole number for its root. But, and we cannot have 
a better opportunity than the present of dismissing 
this point ; but, observe ; the unit One may be des- 
criptive of a cube ; it is smaller than eight, and yet 
it has a whole number ibr its root ; if one can be 
called a number ; which, in strictness I think it 
cannot. However, it would be inconvenient, and 
seldom of any use to make this strict distinction, so 
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,et it pass amongst numbers. The unit one, then, 
i whole number for Its root. That root is identi- 
cal with itself. It is, in fa ct, its own root ; and that 
which I have said respecting this integer, in speak- 
ing of the square, arid of the root of one, iu paragraph 
2yS, is quite to the purpose, and I beg the reader to 
refer to it. 



gr 
cu 



357. We can pronounce, without hesitation, that 
e cube root of eight is two. Three is the next inte- 
gral root; and its cube is twenty-seven. The next 
cube number of this description is sixty-four ; and it 
requires but a trifling effort to trace down its root to 
four. But, when we have to discover the roots of 
large numbers, and yet more difficult, when we de- 
part from the easy and plain work amongst integers, 
and become involved in fractions, it is the regular 
irocess which the rule prescribes ; or the yet higher 
ad more gratifying knowledge of the principle on 
hicli the rule must proceed ; it is these only that 
n disengage us. Having these, large numbers or 
iall, fractions or integers, yield alike to our in- 
uiries. Let us then turn to the consideration of the 
[e, or to that of the principle on which the rule is 
ided. And first as to the Principle. 

258. In paragraph 245 we have seen, that the 
«t of a cube is a line, being the true measure of, 
at is to say, the length or the breadth of one of its 
des ; all of which are equal. Now length must 
lave its denomination, it must be feet, inches, yards, 
urlongs, or something of this description. Dropping 
:he merely attract numbers, let us give the quanti- 
ties with which we are dealing a certain denomina- 
ion, and let us, as clearly and strongly as we can, 
hroughout the whole of this discussion, figure to our 
' ids, where we have not the actual image before 
let us thus figure, clearly as we can, the real, 
palpable quantities and forms of winch we are treat- 
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ing. Our denomination might be yards, or feet, or 
inches, or any other convenient quantity ; but let us 
fix on INCHES. 



259. Now a cubic inch is, of 
course, a small block, having 
six equal sides, each of those 
sides a true square, the dimen- 
sion, or root of which square is 
one inch. 



260. Let us imagine that we have a number of 
these small blocks before us; and let it be asked, 
What will be the size of a cube constructed of eight 
of them ? We see that two in length, two in breadth, 
and two in height would be the size: so two inches 
would be the root of such a cube. 

261. Again, let us be asked, what would be the 
root of twenty-seven. Here a little experience in 
the matter, or the actual construction of a cube with 
27 of the small cubes, might be requisite to enable 
us readily to give an answer. We should soon find, 
however, that three of the little cubes, every way ; 
that is, three in length, three in breadth, and three 
in thickness, would be the size of the cube formed 
of 27. Sixty-four of the inch cubes would construct 
a cube four inches over each of its sides ; one 
hundred and twenty-jive would make one jive inches 
over ; and thus might we proceed to a certain extent, 
and thus, indeed, do we proceed, without the aid of 
the rule, up to the several cube numbers of which 
6, 7, 8, and 9 are the roots : so far do we proceed 
without the rule, and merely by a little reflection, 
by a trial with the pen, or by a reference to a short 
table of these few smaller cube numbers and their 
roots, such a table as accompanies all instructions 
and rules on this subject, and such as I shall here 
insert; calling it 
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A TABLE 

OF PRIMARY CUBE NUMBERS, AND THEIR 

SEVERAL ROOTS. 

Cube Numbers I 8 27 G4 125 216 343 512 729 

Boots ...1234 5 6 7 8 9 

262. These cube numbers I call primary, becaus< 
we have their several roots at once, or at first 
those roots being expressed completely and fully b 
a single figure. It is a name which I must beg th 
reader to bear in mind, seeing that this, or somi 
equivalent name, wherewith to distinguish these 
numbers, will prove essentially serviceable through- 
out this investigation. 

263. Thus, then, as shown in the foregoing table, 
9, which is the highest unit, is the root of the cube 
number 729 ; and thus far, if we confine ourselves 
to integers, may we proceed without any rule. 

264. Thus far, I say, we may, without any pecu- 
liar knowledge of rule or of principle, proceed, if 
we confine ourselves to those which I have termer 
Pkimary Cubes. But it is observable that, althoug] 
in this Table of Primary Cubes, the roots advance by 
regular steps, 1 , 2, 3, 4, and so on, without the lapse 
of any entire numbers, yet is there room, between 
the several cube numbers, for other numbers ; the 
lapse, for instance, between the cube of 8 and that 
of 9 being no less than 216 whole numbers ; and 
that between the cubes of 7 and 8 is 168, whol 
numbers also. 

265. Now these intervening numbers, that is, for 
example, the numbers between 343 and 512, which 
are the cubes of 7, and of 8, respectively ; all numbers 

itween these will have roots, of course, expressed 
the smaller unit, that is to say, by 7 and some 
iction. Then comes the primary cube 512, having 
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the integer 8 tor its root; the intervening numbeW 
between this nnd the cube of 9, tlint is to sav. 519 
to 728 have, tor their several cnbe roots, 8 and 

SOUR" tVot'tlOfl- 

266. The next entire root is 10, the cube of whioi 
is 1UO0; so that 9 with its fractions, is the root of 
all numbers between 729 and this cube. 

267. Confining our observations to integers, then, 
the units I to 9 are the roots of all cube numbers 
short of lOOO; that is. of all numbers expressed by 
three (Sgwrs. When we come to the next numbers, 
that is to 10. we find that its cube has an additional 
figure ; that is to say, four figures. 

26S. Pursuiug *>ur inquiry, we find that, as the 
first, or *ni»lK-sl root expressed by two figures, that is, 
ureases iu value or amount, approaching to 
threvfigurw, the cube numbers increase, approaching 
to seven flgmm: Thus, the cube of 50 is 125,000; 
the cube of 99 is 970.299; and the cube of 99 with 
fractions approaching towards 100, leads onwards 
to a million; that is, to seven figures, thus 1,000,000 
is the cube of 100. Pursuing this course from 100 
to 1000, that is, from roots expressed by three figure* 
to the verge of those which require four, we are 
carried to the extremity of nine figures, passing 
which extremity we enter upon another division, 
which have four figures for their respective roots, 
the bounds of which are twelve figures. And thus 
dp these numbers proceed ; every three figures of 
a cube number demanding one figure for its root. 
And hence we can, in the very outset of an investi- 
gation, tell, how many figures there loill be in the 

it of any number. 

£69, However, although every three figures of a 
HUtpber demand one figure for their root, evi 
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gle figure of the root does not require three ft 
s cube. For, casting our eyes over the last pan 
■aph, we see, that although three figures will express 
he cube, or third power of every number that can 
be expressed by one figure, yet, that the moment 
we pass this number, gettiug into cubes of only four 
figures, the root will have an additional figure. 
Roots of two figures carry us through the cubes of 
's figures, when, entering on those expressed by only 
one figure more, that is, on those of seven figures, 
a third figure in the root is demanded. All which 
may be thus briefly exhibited. 



370. This is no barren, no profitless knowledge : 
this knowledge of the number of figures required 
to express the cube root of any given number ; as 
will be seen when we proceed to the working of the 
rule. Let us, then, thoroughly understand it. 

271. In this last table of cube numbers and their 
roots, the figures of the cubes are marked off in the 
ordinary manner of notation, into pei-iods of three 
figures each, beginning with those on the left hand, 
the last of these periods maybe, as it happens, short 
of three figures ; it may be one, or two, or three 



272. Still this last period gives us, as we have 
seen, even when it consists of the smallest integer, 
it gives us one figure for its root. Last period, I 
have called it, and last it is, telling and marking oi 
the figures from the unit's place ; but first period is 
it, in all other respects ; it comes first to hand in the 
working ; it must always be higher in value than 
are all the other periods, and first in importance; 
therefore, the moment we have thus marked off the 
figures into periods, the moment we know which, ot 
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the figures it is that constitute the period of the 
first importance, then ought we to call this portion 
of figures, whether it consist of one. two, or three 
figures ; then ought we to call it the First Period. 

273. Besides the circumstances thus enumerated, 
by which this first period of figures is exalted, there 
is another circumstance by which it is yet more 
emphatically distinguished; this first period will 
always contain that important portion of the number, 
called the primary cube. 

274. Wiih this preparation we may proceed to 
the consideration of the method of extracting the 
cube root of any given number; or, in other words, 
as we have before seen, of the method of finding 
what would be the dimension of any cube, formed of 
a given number of other cubes of a given dimension. 

275. Let it be, then, that we have to find, what 
would bes th size of a cube formed of 79507 cubic 
inches. 

276. We know, in the first instance, that the root 
of this number, consisting of two periods, Mill be 
two figures ; and we further know, that as there arc 
in it but five figures, the first, or highest period, 
will be lelt with only two figures, that is, with 79 , , . 
which, however, is 79000. 

277. Considering the matter for a moment, or 
turning to the Table of Primary Cube Numbers, we 
find that the primary cube in this case is 64, having 
4 for its root, 

278. However, it is not 64 units, but 64 thou- 
sands ; nor is the root 4, hut 40 ; for the 4 is io 
have another figure after it, which will raise it to 

tie place of tens. 
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9. Thus have we, on the outset, as our primary 
be, a cube formed of u4000 inch cubes, aud being, 
i length, or breadth, or height, 40 inches. 

280. So far all is simple enough, and we have, 
if we may use the terms, consumed, or employed 
64,000 of the 79 thousand odd inch cubes, leaving a 
remainder of 15507 inch cubes yet to be disposed of. 

281. Now the question conies, how arc these 
5507 inch cubes to be disposed of; and in what 

manner are they to be applied to the augmentation 
of the primary cube ? 

82. To repeat the operation just passed, that is, 
> extract the cube root of this remaining quantity, 
will not tend towards our purpose, for it would give 
us another cube, and another remainder, on which 
remainder, if we were to repeat the operation, we 
should find another, and another cube, each smaller 
than the former. It is not to a scries of cubes, 
declining in size, that we would reduce the 79507 
inch cubes, hut to a single cube, whicb should com- 
prise this number of inch cubes. 

2S3. We have employed 64000 of the given num- 
ber of cubes, and have, as before stated, 15507, that 
is, nearly one fourth of the number remaining : so 
the question continues to present itself, how shall 
th's remainder be disposed of in augmentation, as it 
must be, of the primary cube ? 

284. Had we, in substance, the primary cube of 
40 inches actually before us, and these 15507 inch 
cubes, there are two modes of employing them in its 
augmentation ; we might, as one of the modes, first 
form tt sort of bed, or stratum, of the inch cubes, a 
square bed, the size of the primary cube, that is, 
40 inches square, and, placing tins cube M^cuvlUNi^ 
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might pile up, as a sort of wall around the four 
sides, a quantity of these remaining small cubes ; and 
finally, in order to make all the sides equal, place 
a layer of the small cubes, similar to that below, 
upon the upper side of the primary cube, thus 
enveloping; it equally on all sides, and so preserving 
its cubical form. This, I say, had we the materials 
before us, is one of the modes in which we might 
proceed to accomplish our object, and, in that ac- 
complishment, to dispose of the given materials. 

285. The other mode — and there are but two — 
of attaining both these ends, is, instead of placing a 
layer or stratum of the small cubes upon each of the 
si> sides of the primary cube, to place these layers 
upon three of the sides only ; for instance, upon the 
top, on one side, and then, on what may be called 
one end. This method accomplishes the purpose 
effectually as the other, and is more easy, and more 
simple. 

286. " More easy, and more simple:" These ought 
to determine our choice between the two modes; 
so let us proceed upon the latter, the more simple 
and more easy mode. 



287. We have a cube of 40 
inches, and a parcel of inch cubes 
to be added to it. We have de- 
termined that the best method of 
making the additionto the first or 
primary cube, is to place the small 
cubes in strata on three of its 
sides, in such manner, of course, 
as will preserve its cubical form. 



288. The primary cube is 40 inches. A layer for 
one of its sides, that is to say, 40 inches square, will 
require 1600 of the inch cubes. Three of these layers ; 
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.t is, one for each of the three sides, will require 
4800 of the inch cubes. But we have 15307 of them. 
That is more thaothree limes — hut not fourtimes- 

Kie number requisite to form three complete layei 
'hree times the number required to form three sing 
layers, would make these layers each three inch 
thick, and these would consume, or require, 14400 
our inch cubes. Let us, then, place three layei 
each being of these dimensions, 
upon the appropriate sides of 
the primary cube ; and, then, 
how will the matter stand ; the 
figure will not be a cube, but 
will be of the form represented 
in the margin ; that is, a cube 
covered on three of its sides, 
with strata or layerB, of its own 
dimension, and sufficient, therefore, to cover, each 
its proper side of the cube ; but, extending- no further, 
the ends of the layers remain uncovered, and thei 
is, consequently, a deficiency ; the cube being ii 




289. Directing our attention to this deficiency, i 
soon perceive that three long pieces, or prisms, eai 
the length of the primary cube, that is, 40 inches, 
and of the thickness of the layers, that is, 3 inches 
we soon perceive that three of these would go fart< 
supply the deficiencies.— Three inches is the ihick- 
nets of the layers. The pieces required to suppb 
the deficiencies must, therefore, be each three incht 
square, and 40 inches long. Three inches squar 
that is 3 x 3 is 9, which multiplied by the lengtl 
which is 40, make 360 inches ; and this is the quai 
tity required to form one of these prisms. But w 
want three of them. Three times 360 are 1080, 
For which we have a sufficiency in our remainder. 

290. And do these complete the cube ? Do thai 
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three pieces, of three inches square and forty inches 
long, supply the entire deficiencies which we observed 
in the last figure? They do 
not. Added to the layers which 
were before placed on the 
primary cube. they make those 
layers — which were before 40 
inches — 4 J inches square, 
save and except the smal I defi- 
ciency, a sort of knotcli, ob- 
servable in the figure in the 
margin, which deficiency is occasioned by the want 
of length in sonic one of the three prisms, to cover 
the ends of the two others, and thereby to complete 
the cube. The ends of these prisms are each three 
inches square : a cube of three inches would, there- 
fore, cover them, and thus is the cube completed: 
a cube of 43 inches. 

291. Let us now review the work we have done. 
And, first, as to the quantity of the small cubes em- 
plo\ed in the construction of this cube which wo 
have just completed, 

292. Turning back to paragraph 275, and tracing 
the matter through the process, we s^c, that in the 
construction of this cube, there has been employed, 
of the inch cubes, 

For the primary cube . . 40 3 = . . 64000 

For the three layers . . 40' X 3 X 3. . = . , 14400 

For the three longpieces 4ft X 3' X 3 . . = . . 1080 

For the small cube . . 3 J . . . . = 27 

Total . . . 79507 

293. And this is the number, the cube root of 
which we proposed to extract. This is the number of 
inch cubes which wc proposed to erect into a single 
cube. Or, rather, we proposed to inquire, what would 

be the dimension of a cube constxucteii.u'i ISKjQTt \atU 
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ibcs ; which number was, of course, adopted, on th 
:casion, because, amongst other reasons, it is« cube 
umber, yielding a root tree from tractions. 

294. And, now that we have adcWl together the 
quantity of smill cubes employed in the construction 
of this iargcr out-, let us trace the process by which 
it is thus arithmetically constructed. 

295. Turning hack to the commencement of this 
rocess, that is, to paragraph '^70, we see, that 
aving divided, or marked off the given cube num- 
er into periods, the next thing we did was to form, 
9 thd basis of the operation, a cube of 40 inches; 

and this we called the primary cube. 

296. The next step we took was, to enlarge this 
cube, by placing on three of its sides a layer, one 
on each of the three sides; which layers were eacli 
three inches thick, and just the size requisite to 
cover each its side of the primary cube : that is, 40 
inches square. And this was done — see paragraph 
2S8 — by squaring the dimension of the primary 
cube, which squaring provides a single layer for 

e of its sides; thus, 40x40=1600; then by 
tripling this square, in order to provide layers for 
two other of its sides, thereby regularly enlarging 
the primary cube, by making it longer, broader, and 
deeper; and then, finding that we had materials for 
the purpose, our next step was an increase of the 
thickness of these layers, a threefold increase of 
that thickness, thereby making them each threi 
inches thick. The cube, however, being not yet 
complete, 

297. We proceeded — see paragraph 289 — to 
complete it by the addition of three square prisms, 
each prism the length of the primary cube, and the 
thickness of the square layers, that is, 40 incbi 
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lone, and three inches square, and this we accom- 
plished hy multiplying the square of three by 40,/or 
one of these prisms; and then, in order to provide 
three of them, by tripling the product. 

298. Finally, to complete the cube ; to carry out 
one of these square prisms from 40 to 43 inches, 
which forty three inches is now becoming the size of 
our cube, we provide a small cube of 3 inches — seo 
paragraph 290 — and thus is the process finished. 
Now, to sum up this process into the form of a rule. 



FOB EXTRACTING THE CUBE BOOT. 






Article I. — Prepare the given number for the 
operation, as you are instructed to prepare a 
number for the extraction of its square root, 
in Article I. page 84; that is to say, if 
there be a fraction, in the common or vulgar 
form, reduce it to a decimal, and then couut, 
and mark oft" the figures, as there taught, into 
periods ; but, with this difference, that each 
period, when complete, instead of two figures, 
as in that rule, shall, in this, contain three 
figures; as instanced in the following line of 

figures . 

17205361948.614700 

Article II. — Find the primary, that is the 
greatest, cube root of the first, or highest 
period of figures, write down this root, on the 
right hand of the line of figures, as you write 
your first quotient figure in a process of long 
division, then write the cube of that root 
under its proper period, and subtract, as in 
ordinary long division. 
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Article III.' — To any remainder that you may 
have, bring down, and annex, the next period 
of three figures ; and call the number thus 
formed, the resolvend; expressing', as it will, 
the quantity next to be resolved. 

N««te on Articles II. an) III. — The first period, in the number 

dated above, is 17 the cube root of which, confining ourselves 

» a whole number, it 2, of which S i* the cube, which cube, sub- 
tracted from (he period 17, leaves a remainder 9: and our resolvend 
will be 9205. 

Article IV. — We are now about to place a seconi 
figure in the quotient, thereby raising the 
first, which indicates the primary root, to the 
place of tens. And of this value, must we, 
throughout this step of the process, consider 
it. In the case under consideration, th< 
our first quotient figure signifies twenty ; 
THREE TIMES THE SQUARE of which, W6 are 

now, according to the rule, to take as a divi- 
sor ; and to inquire, how often it is contained 
in our resolvend. 

Note. — The first figure in the quotient, or primary root, in the 

ample before us, is 1. now signifying 20 ; the square of which, 

mety 400, tripled, gives us a divisor 1200. On inquiring how 

ten this divisor is contained in the resolvend, care must ba taken 

make a considerable abatement from the apparent number of 

times; For instance, our resolve nil being !i2il.;, the apparent 

number of times which it would contain the divisor 1200, is 7. 

Whereas, on a trial — which should be always made by the side of 

the main statement — 5 will prove to be the figure to be next 

placed in the quotient. 

Article V. — Having thus determined how often 
the divisor is contained in the resolvend, 
write it down, as the second figure of the 
quotient or root. 

Article VI. — Take, now, the divisor, as found 1 
Article IV. that is to say, the quotient aug 
mented tenfold, squared, and then tripled 
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multiply this divisor by the new quotient 
number; to the product add, first, the pri- 
mary root, still augmented tenfold, multiplied 
by the square of the new quotient number, 
and then tripled ; and, second, the cube of 
this new quotient number ; add these three 
quantities together, call their amount the 
subtrahend, write it underneath the resolvcnd, 
and subtract it therefrom, bringing down the 
remainder, as in ordinary long division. 

Note, — It will, generally, be found advisable to make the calcu- 
lations just now directed, beside the main statement, and to bring 
them into that statement when their accuracy and fitness are ascer- 
tained. The process so far as taught by the foregoing six articles, 
is here exhibited. 



20 I7-2U5.'S6I918. 614700. 

_25=5' 8 . 

500 20' X 3 = ]S00 )S>g»5 ..re»ol 

3 1200 x 5 = ■ • 6000 

1500 20 X 5'x 3 = . . 1500 



I 



Article VII. — To the remainder, if there be one, 
bring down, as before, the next period of 
figures, if there be such period. Then, treat- 
ing the two figures of the quotient as expres- 
sive of hundreds and tens, seeing that, by the 
annexation of another figure, we are about to 
raise them to those ranks; treating these 
figures thus, proceed as directed in the fourth, 
fifth, and sixth articles of the rule ; as just 
laid down : and thus, until the whole of the 
given number be brought down and evolved, 
thus do we proceed, repeating the opera- 
tion, as instructed in those articles; and as 
exhibited in the example on which we have 
been operating; to which example, as resumed 
and completed at the close of these articles, 
we may with advantage refer. 
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RT1CLE VIII, — If, when the whole of the periods 
have been brought down, and evolved, there 
be a remainder, and it be your object to come 
yet nearer to the exact root ; if such be the 
case, then, to the remainder, annex a period 
of ciphers — that is to say, three ciphers — 
and proceed in the work, as before. 

Note. — The fixing of the decimal point, as in all operations 
of arithmetic, is of the greatest moment; and its place is thus 
determined. The first thing we have to do, on proceeding to 
evolve the root of a number, is, aa directed in Article I., to mark 
off such number into periods, or portions, for the several steps of 
the operation. Each of these periods gives us one figure in the 
root, and these figures will be integers, or decimals, just as the 
periods from which they have been evolved were integers or 
decimals. So that there will be the same number of integral 
figures in the root, and the same number of decimals also, as there 
were periods of those numbers respectively in the number resolved. 
The rule, therefore, for fixing the decimal point will stand thus : — 

Article IX. —Count, in your given number, the 
number of periods that you have in whole 
numbers ; and, counting the same number 
of figures in the root, fix the decimal point. 
There will then remain, for decimals, figures 
sufficient to correspond in number with the 
periods of decimals, whether those periods 
appeared in the given number as it stood in 
the outset, or were, in whole or in part, 
added in the course of the operation. 

299. Here follows the entire working of the 

Problem on which we have been making our 

observations ; namely, the evolving of the root of 

17205361948.6147. I have, of course, omitted the 

trials, and such subsidiary parts of the operation; 

stating only those that it may be useful to retain ; 

,d these, also, I have stated in the manner which 

generally practised ; and which is, therefore, found 

be most eligible. 
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17^5361948. G14700( 2531 ,M " 




«'=.S . . . 




(SO) 1 X 3 = l»0 ( 8205 . . 




1300 X 5 . = . 6IHKI . . 




5" x *° X 3 , = 15110 . _ 




5< = . 125 . . 




Fir,t Subtnhad . . 7625 . . 




(*io)» x 3 = 1S7500 i raaafl ■ 




187500 x 8 . . = . 15W0OO0 . 




8* x 350 x 3 = . 481*0 - 




P-— 512 . 




Sectmd Subtrahend . . 1548512 . 




(2580) ' X 3- 19969200 | -3I&4!>!M8 




19969200 x I . . =- . . 199*9200 




1 ■ x 3580 x 3 -= . 7740 




Third Subtrahend . 19976941 




(25810)' x 3 = 1998-168300 . ! U8730076U 




I9WS468300 x 5 ....— . 99923415IH> 




5' x 25810 x 3 =- . 11)35750 




5-> = . 125 




Fourth subtrahend - WH277S7JI 



( 258150 > ' x 3 — 19992 1267500 . 
199924267500 x 9 - . = . 



300. One point, relating to this method of 
extracting the cube root, yet remains, as worthy 
of our observation. On referring to the process, as 
recapitulated in 288, and the three following 
paragraphs, we see that the first step gave us a 
sort of a nucleus for our further proceeding; it gave 
ns what we have termed a ■primary cube, the due 
augmentation of which is the business of each 
succeeding step of the process. That primary cube 
— in the instance before us — is of the dimension of 
40 inches. The second step of the process gave us 
layers, or strata, for three of its sides, by which it 
became augmented to a cube of 43 inches. And 
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the operation terminated; that being the 
plete root of the nnmber proposed to be evolved. 
But how, it may be asked, in the evolution of a 
number containing more than two periods of figures, 
more than two steps in its process; how do subse- 
quent operations ; how do a. third and a fourth step 
proceed towards the same end ; namely, the employ- 
ment of the given materials in the enlargement of 
e cube : and especially, how are remainders, how 
e fractions employed towards this end * The an- 
'er to these questions is the point to which I have 
w to invite the reader's attention. 

301. Just as, in the second step of the operation, 
3 employ the matter of our resolvend in the en- 
rgement of the primary cube, just in the same 
anner does each subsequent operation employ its 

materials, whether those materials be integral or 

Pactional quantities. On the termination of each 
p of the process, by which a figure is placed 
the root, the cube is completed ; is perfected, 
or example, let us cast our eyes on the statement 
id operation appended to the last paragraph but 
ie; an example which furnishes us with ample 

scope for the observations we have here to make. 

~he first figure in the root is 2, which, standing in 
e place of thousands, represents 2000; which two 
ousand is the primary cube. We determined, in 
■der that we might have some definite quantity in 
ew, that the number there set down for evolution, 
ould represent so many cubic inches, so that here 
s have, for our primary cube, a cube of 2000 inches, 
he second step in the operation gives us, as the 
icoud figure in our quotient or root, the figure 5, 

representing 500, and adding to the dimension of 
primary cube, that number of inches. We have 
', therefore, a cube of 2500 inches ; having em- 
loyed in its construction, first 8,000,000,000, and in 
second step 7,625,000,000 inches. 



I 
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3Q~2. The third step in the operation proceeds to 
enlarge this cube of 2500 inches, by adding, as the 
third figure in our root shows, SO inches to its 
dimension ; nn addition which, as the subtrahend of 
(lie third operation shows, employs a further sum of 
1548,512.000,— so that we have now a cube of 2580 
inches, to which, our cube hecoming so large, and 
our material so considerably diminished, the fourth 
step in the operation makes an addition of only one 
inch ; which inch, however, seeing that layers are 
required to extend over three of the sides of this 
large cube, demands no less than 19,976,941 inch 
cubes ; as the subtrahend of the fourth step of the 
process shows. So much for whole numbers, as far 
as regards this example. And now for the fractions. 

303. After the foregoing operations, after the 
fourth step in the process, we find ourselves with a 
remainder- — seethe statement— of 1 1,873,007, which 
is little more than half the quantity ; — again seethe 
statement — half the quantity that was required to 
enlarge our cube by a single additional inch. To this 
remainder, then, we bring down, or annex, a period 
of decimals, and so proceed with the operation. 
By the annexation of three figures, our remainder is 
greatly increased in extent, although uot in value, 
and the fifth step of our process gives us 5, as the 
first decimal figure ; that is five-tenths. I need 
scarcely observe that this adds half an inch to the 
size of our cube. The last integral addition, or 
layer, was one inch, employing, as we have seen, 
nearly twenty millions of the inch cubes, here is the 
decimal .5 — that is, one half — requiring and em- 
ploying, as the statement evidences 9,994,277.375, 
nearly ten millions, and by this step, strata, or layers, 
each half an inch thick, are, as in the foregoing 
processes, added to three of the sides of the grown 
cube. 




mg 
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304. However, accurately to finish the matter. 
let us inquire, of what are these fractional strata 
formed ; Are they formed of half inch cubes ; that is, 
of cubes of the dimensions of half an inch? By no 
means; they are nine millions odd of half cubes ;- 
that is to say. so many halves of inch cubes ; save 
and except — and- mark this uislinctian — save and 
exeept the three small prisms, required, as shown i 
paragraph 2S9, to complete the corners, and the 
little cube required to close the notch, as I have 
been obliged to term it. The three prisms, each of 
which must be '2581 . 5 inches long, will be formed 
of so many smaller prisms, half an inch square, but, 
of course, an inch long each : and the little cube 
required to fill up the notch, and so to perfect the 
large cube, will be indeed a cube of halt' an inch. 
Observe the quantity of our material required to 
construct these several additions to the large cube ; 
look at the foregoing operation and statement. 
The three prisms require, of the half-iuch-square- 
one-inch-hmg prisms, of these small prisms, the 
three long prisms require no less than 7743. But four 
of these small prisms Mould be required to forma 
cubic inch, divide 7743 by 4, and we have 1935.75, 
which is — see. the statement — the quantity arrived 
at by the other process. And then for " the Utile 
cube ;" What is the decimal expression of a cubic 
lalf inch, what save . 125, as we find it in the state- 
ment ? 

305. Such is the manner in which fraction*] 
quantities are wrought up, in the evolution of the 
cube root. There is another decimal figure in the. 
oot, namely, 9, that is, nine hundredths; which, 
iirther, is nine hundredths of an inch, merely. 
t would be tedious, and cannot now be of use, i,> 
race this small fraction, through its process, us we 
Lave traced the other. Suffice it to say, that by 
this quantity, three strata, or layers, are placed on 
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so many aides of the cube, regularly increasing its 

size, as in the foregoing Instances ; but increasing it 

only by this minute quantity of nine hundredtt ' 

" ich. 



306. There are other methods, besides this which 
we have just seen, of extracting the cube root, hut 
so far as there is any principle, any science, in those 
methods, they conform to this, and will deviate from 
it merely iu some unimportant and trifling expe- 
dients. It is, at best, a somewhat intricate affair, 
and when the number to be evolved is large, the 
operation will always be one of some labour. Of these 
difficulties, I hesitate not to aver, that no man will 
ever divest the operation. We have ascended to 
the principle, and have developed that principle. 
A more lucid development may be effected. But in 
this, as in all other branches of science, nothing that 
is of essential importance, save its uses and its 
application, remains to be discovered, after the 
attainment of the principle. 

307. I shall not, therefore, occupy the time of the 
reader by detailing the little varieties of method, by 
which different arithmeticians choose to conduct the 
operation. But there is one method, one expedient, 
by which the roots of numbers are to he discovered, 
that is worthy of being mentioned : that method is 
the use of Logarithmic Tables. And on this, I pro- 
pose, in the sequel, to say a few words. Our next 
object will be a — 



METHOD OF PROOF. 



next 
rtoin 



308. The rational, more obvious, and mostcei 
method of effecting this, must be an involution, 
r re*folding, of the root which has been evolved. 
W'Ikii the number is a long one, the labour may be 
,,■!< mi!i -rnble ; but, as I have said, it is the most 
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certain method of proof ; and if it be worth our while 
to extract a root, it will be worth while to prove 
whether our work he, or he not, correct. Re-involve 
the root, then; raising it to the power from which it 
has been evolved ; and, if the work be all correct, 
the original number will be restored. However, there 
may have been a remainder, not evolved, as in the 
instance which I shall here subjoin. Such remainder 
must, of course, be added to the product of the root; 
and, in making this addition, great care must 
be taken to place it in its proper situation. The 
following example, of the entire working of the two 
processes of evolution, and of re-involution, will, on 
. careful inspection, resolve any doubt, any uncer- 
ainty, that may remain on the mind of the reader, 
' "1 regard to any part of either process. 

Proposition. — Extract the cube root of 935799.75, 
o the second decimal figure : And then prove the 
ruth of the work, by re-involving the root. 



935799.750(87.M 
9 s = 729 

90' X 3 = 24300) 206799 

24300 % 7 = 170100 

90 x 7' X 3 = 13230 

7' = 343 



97. SI 
97.81 

9781 



■ X 3 = 


2822700)" 


231-2(1750 


•2-2271 Hi 
970 x P 


X 8 = 
X3 = 

8' — 


22581600 
18(5240 

512 

22768352 


X 3 = 


>>«'-! r>200 


35839 BQUO 


2-:;!l-l.-,200 x 1 = 
97*0 X 1 X 3 - 


286945200 

29340 




p = 


1 






9S6974M1 






7 M 234 59 









95667961 
765343688 
(!il%7.''727 
86101 1(149 
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USES OF THIS RULE. 




309. To ascertain the dimensions of vessels, and 
the quantities contained in solid bodies, in certain 
cases, or under certain conditions; their relative 
dimensions or quantities; and to find proportionals 
between given numbers ; these are amongst the uses 
of this Rule. And, with a few examples, they may 
be thus briefly enumerated and explained. 

First. — To find the dimension of a cube, that shall 
be equal in solid quantity to any given solid 
of another form. 

310. The quantity of the other form, whether 
sphere, cone, prism, cylinder, or other body, being 
given, all that is requisite in this case, is to extract 
the cube root of that quantity, which root will, of 
course, be the side, or dimension, of the required 
cube ; in feet, inches, or in whatever denomination 
of measure the given quantity may be stated. 

Second. — Having the dimensions of one solid body, 
or vessel, to find those of another body, or 
vessel, of a similar form, that shall, in its 
capacity, or contents, bear any required pro- 
portion to the given body. 

311. You have a packing case, or vessel, which 
will, as you have found, contain a certain quantity 
of goods ; and you would have another such case, of 
a similar form, to contain 2^ times the quantity of 
the same kind of goods. For example. Let the 
given case be 32 inches long ; 25 inches broad ; and 
16 inches deep. How shall we proceed to find the 
dimensions of the required case ; that is, a case 
which shall contain 2^ times as many goods of the 
same kind ? 
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312. Involve the several dimensions, raising them 
o their third power, or cube ; and multiply those 
cubes, each separately, by the difference between the 
given case, and the required case, which in this 
instance is 2^; or expressed as a decimal 2.5. 
Then, extract the cube root of each of the products ; 
and those roots will be the dimensions of a case, or 
vessel, of the same proportions, but capable of con- 
taining 2. 5 ; that is, twice and five-tenths as much 

■ 

inc 
as 

th< 



32 X 32 x 32 x 2.5 = 81920.0 V ( 81920.0) = 43 A 

25 X25 X25 x 2.5 = 39062.5 • ( 39062,5) = 33.9 

16 X 16 X 16 X 2.5 = 10240.0 1/ ( 10240.0 ) =21 .6 

Thus a vessel, or case, 43.4 inches long, 33.9 
inches broad, and 21 . 6 deep, will contain 2|> times 
as much as will the given case or vessel. 






The two propositions which follow come under 
the same article of the rule. They are very 
well calculated to show its usefulness : to save the 
time that would be required to work new ones. 
I take them from the " Arithmetical Collections" of 
A. and J. Birks, of 1766. 

Suppose the length of a ship's keel be 125 feet, the breadth, 
on the midship beam, 25 feet, and the depth of the hold 15 
feet; required the dimensinna of another ship, of a similar form, 
that shall carry three times the burthen. 

125 x 125 x 125 x 3 = 5859375 
25 x 25 x 25 x 3 = 46875 
15 x 15 x 15 x 3= 10125 

The cube root of 5859375 is 180.28, length of keel 

46875 „ 36.05, . . beam 

10125 „ 21. 6, depth of hold. 






Or, suppose it were required to build a vessel capable of carry- 
ag half the burthen of that described in the foregoing proposition. 

Here, instead of multiplying by the difference of (/opacity 
between the given vessel, and that required to be conRttwatsA,*- 
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dteidn the cubes of the several dimensions by that difference ; 
rather, we reduce them, by that difterence, thus : 

125 x 125 x 125-T-2 = 9765S2.5 
2.5 x 25 x 25 -T- 2 = 7812.5 
15 x 15 x 15-i-2 = 1687.5 

Staled with the signs, instead of words: — 
i/ (976562.5) =99.202 
V{ 7812.5) = 19.84 
/ ( 1687.5) = 11,906 



on, I 

,to 

301- 



Third. — Having one, suppose the chief dimensii 
of a vessel, and its capacity both given, 
find the corresponding dimension of a vessel 
of the same proportions, but of another speci- 
fied, or prescribed capacity. Example : — 

Ti'a vessel of 100 tons burthen lie 44 feet long at the keel, what 
length shall be the keel of a vessel, having the same proportions, 
that shall be capable of carrying 220 tons? 

313. Here we have to raise the given dimension 
to its cube, to multiply that cube by the capacity^ 
in this case 220 — of the proposed vessel; then, to 
divide the product by the capacity of the given 
vessel ; and, of the quotient, to extract the cube 
root ; which root will be the dimension required. 

Thus : — (The Calculations I take from Birks.) 

44 x 44 x 44 x 220 = 18740480 

100) 18740480(187404.8 

The cube root of 1 87 404 . 8 is 57 . 229592. 

But this decimal ib carried much too far. We can never want 
the dimension within the Millionth part of a foot. It must be 

?[uite sufficient to say that the root is 57 . 229 ; which is the length 
or the keel of the required vessel. 

Fourth. To find mean proportionals. 

314. We have seen the method of finding i 
mean proportional between two given numbers ;— 
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that is to say, a single proportional. Which is done 
chiefly by the extraction of the square root. And 
the example given is the finding of a mean propor- 
tional between 7 and 175; which mean is 35: the 
terms then standing thus : — 7, 35, 1 75. But sup- 
pose we had to find two mean proportional numbers 
between these two extremes ; or say, between 7 and 
189, — for, between 7 and 175 we should, to no pur- 
pose, entangle ourselves amongst fractions; — sup- 
pose, then, that we would find two mean propor- 
tionals between 7 and 189. It is done thus. Divide 
the larger number by the smaller. Then, of the 
quotient, extract the cube root ; which root will be 
the ratio of the proportional terms. So, if we 
multiply the smaller of the two terms by this root, 
we have one of the mean proportionals ; and, if, 
again, we multiply this mean term by the same 
ratio, we have the second proportional ; and the 
terms will then stand thus : 7:21 : : 63 : 1 89. The 
ratio, here, is 3. And it is, of course*, the same thing, 
if, instead of multiplying the smaller of the terms, 
we divide the larger by the ratio ; thus 189-=-3 = 63; 
and 63-=-3 = 21. Which 63 and 21 are the mean 
proportionals. This, like all the doctrines concern- 
ing ratios, and proportions, is a very beautiful, simple, 
and interesting branch of the science of numbers. 



OF BIQUADRATE, AND OTHER ROOTS. 

315. These, as I have intimated, in paragraph 
145, have no reference to actual form, nor substance. 
Matter cannot have more than the three dimensions 
of length, breadth, and thickness. But here, in the 
biquadrale, merely, is there an assumption of some- 
thing having four dimensions; for it means the two- 
fold or double square; it means length, and breadth, 
and thickness, and some other dimension; of which, 
therefore, we should deceive ourselves, did we 
pretend to have any conception. However, these 
imaginary quantities are generally treated of, in 
works on arithmetic ; these higher, or lower — I really 
cannot tell which to call thein — bul these Roots, and 
Powers, " which shape have none ;" they are generally 
treated of, in such works. And, as a few words may 
suffice, we will bestow those few words on them. 

316. The Biquadrate Root, then, as its name im- 
ports, is the double, or two-fold, square root. It 
may be extracted, by dividing, by marking off the 
given number, into periods of four figures each ; and 
so proceeding to evolve ; somewhat in the manner 
in which we have worked out the cube, and the 
square roots. But this is an intricate, and laborious 
process; and whilst time can be applied to any use- 
ful purpose, this can be no commendable application 
of it. The direct and simple method of extracting 
the biquadrate root, is to extract the square roof 
of the given number ; and, then, of that root, to 
tract the square root. 

317. As, in the biquadrate, we have the double- 
square, or square squared, so we must have the cube 
squared, and this is called the Sursolid. After that 
which is stated in the last paragraph, it can only be 
requisite to say, that although there are other methods 
of extracting the root of this power, the obvious and 
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more eligible mode is, first to extract the cube root, 
and, then, of that root to extract the square root. 
And so with regard to the extraction of the Roots 
of any other powers. Finally, we may observe, that 
as the extraction of the square root is called the ex- 
traction of the second power ; and that of the cube, 
the third power; so the biquadrate is termed the 
fourth ; the sursoliri is called the fifth ; and then 
comes the sixth, power, called the Square cubed ; 
and so on to an useless extent. 



ON TABLES OF LOGARITHMS: 

SOMETHING OF THKIR USES. 

318. These tahles are a very ingenious invention, 
for the purpose of saving the very irksome labour of 
multiplying, and of dividing, in cases in which large 
numbers are to be dealt with. It appears that they 
were not wholly unknown to the ancients ; but the 
knowledge of them, and their construction, was very 
incomplete, until about the year 1614, when John 
Napier, baron of Merchiston, in Scotland, published 
his improvements and discoveries with regard to 
these tables, of which further improvements have 
since been effected by other able Mathematicians. 

319. With respect to the principle on which these 
Tables are constructed, being one of considerable 
intricacy, and forming no part of my plan in this 
book, I shall not attempt to enter upon it. But I 
will here insert a short table of these numbers ; that 
is to say, a Table of natural numbers, as they are 
termed, beginning with one, and rising to two hun- 
dred ; and the Logarithms of these numbers. Af 
which, we shall see something of the manner 
using them. 








rABLE OF LOGARITHMS OF NUMBERS 


FROM 1 TO 200 
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320. Thus are the tables divided into columns, ol 
which there ore four on the page; that is, four 
columns, each containing — -first, a column with the 
natural numbers rising from I to 200, by the advance 
of a single unit at each step ; and, second, a column 
of Logarithms of these numbers, each opposite tor 
appropriate number. Thus the logarithm of i 
the decimal .301030; that of IS is I .079181 
so on. 

321. Now, for the application of these table*, 
the purposes of ordinary multiplication and division. 
The natural numbers, as we have observed, rise by 
a single unit at each step. And the advance of 
the Logarithm is made by a ratio which augments 
them in this wise, that whilst the natural number, 
whatever it may be, advances to its square, or second 
power, the Logarithm simply doubles itself. Thus, 
as appears in the Table, whilst 10 advances to 100, 
the Logarithm, which is I , merely rises by a minute 
decimal increase at each step, to 2, which is th< 
logarithm of 100. The logarithm of 9 is .954243 
that of 9 times 9 is the double of this; that 
1 .90.S4S5. See the logarithm of SI. 

322. Again, it is not merely when a number is thi 
to be multiplied into itself, that the logarithm serves 
as an index to the product. For, let it be that we 
would multiply 10 and 12 together. The logarithms 
of these two numbers are 1, and 1 .079181, which. 
added together, give 2.079181. Look at the Table, 
find this logarithm; observe its number; it is 120. 
Add the logarithms of 13 and 1 4 together; the sum 
is 2. 260071; opposite to which logarithm, in the 
Table, stands 182; which is the product of 13 x 1 4. 
Thus docs Addition, mere addition, a very simp" 
process compared with multiplication, furnish 
by the aid of these Tables, with the product of 
numbers. 
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323. It is true, that addition in these instances, 
saves neither time nor attention, but rather the 
contrary; it being easier to multiply 10 and 12; or 
13 and 14, together, than to make the addition of 
their logarithms. But this arises from the limited 
extent of this mere specimen of logarithmic Tables. 
The numbers, as I before stated, rise no higher, in 
this scrap of a Table, than 200; so that I am con- 
fined within a narrow compass. In Tables of due 
extent, the numbers might advance to millions, and, 
in fact, to any amount, and we should find their pro- 
duct with nearly the same ease as that with which 
we find the product of these trifling numbers. 

324. Moreover ; it is not to the multiplication 
of two numbers together, that we are confined, when 
we use Tables of logarithms. Three, four, or in 
short, any number of factors may be thus dealt with. 
Add their logarithms together, find the sum of these 
amongst the logarithms in the Tables, and, adjoining 
to it, in the column of natural numbers, stands the 
product. Such is the case, as I have stated, when 
the Tables are of due extent. However, there are 
limits to the most extended of Tables. And when 
we have factors, and products, which overstep those 
limits, the results must be attained by double pro- 
cesses ; so that it is no longer so very simple an 
aflair. So much for multiplication by Logarithms, 
and now for its converse ; now for division, 

325. As the addition of the logarithms of two or 
more numbers, furnishes us with the logarithm of 
their product, so the subtraction of the logarithm 
of one number from that of another, gives us the 
quotient of the latter divided by the former ; that 
is to say, is gives us the logarithm of the quotient. 
And thus may a long and laborious process of divi- 
sion be effected, by the simple means of subtraction. 
As an example ; — J" am. stiltconjined within the nar- 
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row limits of our Table. — Suppose we would divide 
195 by 13. Look for the logarithm of the dividend 
195; it is 2.290035; from this subtract the logarithm 
of the divisor, which is 1 ,113943; the difference is 
1.176092, which we find to be the logarithm of 15, 
as nearly as can be, so 15 is the quotient, on a divi- 
sion of 195 by 13. And thus might any number, 
within the limits of our Tables, be divided by any 
smaller number, merely by subtracting the logarithm 
of the divisor from that of the dividend, and then 
finding the difference. 

326. It appears, however, in the latter instance, 
that we do not find, in our small table, a logarithm 
precisely the same, as the difference ; it is 1 , 176091, 
instead of 1.176092. And thus it will occasionalf" 
be ; we shall not find precisely the same figures i 
the logarithm ; but it directs us to the proper quotieut ; 
it answers its purpose. And that is all that we can 
require. Thus it will be, occasionally, in all Tables 
of Logarithms. And, although these Tables serve 
in numerous, nay, in countless instances, to abridge 
the labour of making extensive calculations, yet have 
the Tables their limits. The most extensive of them 
hitherto published, or ever likely to be published, 
not furnishing those who use them with any, not with 
every number that they may require, at once, and 
by a simple, by a mere inspection. With the 
volumes of these Tables there are always instructions, 
though not always very clear instructions, as to 
the manner of using them, and the process, in many 
instances, is one of no small difficulty, even to those 
who understand them well, but who are not in the 
constant practice of using them. It is, even to 
persons of this description, often a matter of con- 
siderable labour ; and then, too, there is, on consult- 
ing such piles of figures, no small danger of casting 
the eye on a wrong one. So that, although it may 
be desirable to know just this much of them, in ordr" 
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that we may not feel ourselves humbled in the 
presence of mere calculators, I would by no means 
advise any one, wltose occupation does uot lie in 
calculating the situations and distances tit' planets 
ami of stars, to have anything further to do with 
Tables of Logarithms. We must, however, before 
we dismiss them, show the manner of extracting tbe 
roots of numbers by their aid. 

387. The Root of a number, is that number which, 
involved into itself produces the given number. It 
is a very simple matter to involve a number ; a mere 
multiplication of the number by itself. But, as we 
have seen, it is a process of some intricacy, requir- 
ing great care and attention, to evolve a number, that 
number being one of considerable magnitude. It is, 
as we have seen in paragraph 1 82, to find, not merely 
the quotient, but (Ac divisor, also. 

328. Now here come Tables of Logarithms to 
fiirnish us with these divisors and quotients, almost 
on a mere inspection. We have just seen — para- 
graphs 321 and 322 — that if we take the logarithm 
of a number, and double il, that is, multiply it by 2, 
we have, in this double, the index, or logarithm of 
the second power of the given number. Thus, the 
logarithm of 9 is ,954243 ; multiplied by 2 we have 
1 . 90S4h6, which is the logarithm of the square, or 
second power of 9, Now, if a multiplication by 2 
furnish us, as it does, with the logarithm of I lie square 
of a number, the division by 2 will reverse the pro- 
cess, and so furnish us with the logarithm, that is to 
say, with the index or guide to. the square root of 
that number. And so, of course, it does. Divide 
the logarithm of 81 by 2, and we have that of 9, 
which is the square root. Thus it is in small num- 
bers, and thus would it be in numbers of any magni- 
tude. The Division of the Logarithm or any 
kvmber by two gives tjs the logarithm of ths 
Square Root of that number. 
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329. And, as the division of the logarithm of a 
umber by 3, gives us the logarithm of the square 
not of that number ; just so will its Division by 
'hhee give us the Logarithm or the Cube Root. 

330. AH this appears very simple and easy, 
naturally calling forth the question — -"If the roots 
of numbers can be thus easiil evolved, why trouble 

with the intricate, and lahourious method which 
you have just been teaching* I answer, in the first 
place, that I have not written this work, uor th» 
branch of the work, for the purpose of teaching the 
extraction of the roots of numbers. This I hope it 
does teach, and the Principles, also, on which the 
processes proceed ; and so the work may be useful 
in that respect. But this has been with me a very 
subordinate consideration ; little more than an ad- 
ventitious circumstance. The nature of the human 
mind, its propensities, its capabilities, its powers; 
these have been, with me, long a favourite object 
of study and contemplation. And I have written 
this work chiefly, almost entirely, as I state in the 
preface, for the purpose of leading that mind, in 
those who may be pleased to read the work, to a 
pleasing, an orderly, and a vigorous exercise of its 
powers : aware, as I am, that when thus trained, the 
mind may choose its subject ; and may exult and 
revel in its attainments, and in the consciousness 
its improved capacity and power. 

331. To return, however, to our subject, namely, 
the uses of logarithmic Tables, and so to conclude 
the work. It would be a waste of time, indeed, to 
extract the roots of numbers by the processes before 
taught, if those roots could be found thus in tables. 
The roots of small numbers may be thus found, and 
so might those of large, were there tables of due 
extent. But these are not to be had ; nor are the; 
desirable. Already it makes the head dizzy to Ipi 
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at a volume of the tables now constructed ; and we 
must have additional volume upon volume; a work 
of indescribable, and of thankless labour, and of 
great cost too, ere we should have tables to furnish us 
thus, at once, with the roots of numbers, even to the 
amount of that which we have evolved on page 132. 
With the aid of, perhaps any tables now in print, 
a number of that magnitude would require, in the 
extraction of its root, so many references, some 
statements, and so much vigilance, in order to avoid 
error ; that, as I have before stated, unless done by a 
person in the constant practice of using the tables, 
however well he may understand their uses, the 
difficulty, and labour of the operation are not 
thereby abated. In all the operations of arithmetic, 
the regular process, the ordinary rule, founded on 
the principle of the operation, is the safer course ; 
and the shorter also, unless we be in the habitual 
practice of some expedient; without which practice, 
expedients, like mental calculations, will but waste 
our time, and betray us into uncertainty and error. 
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+ The mark of Addition, called Plus; which, in the Latin, 
signifies more. When placed between two numbers, it means 
the first number with the addition of the second : that is to 
say, it meanB both numbers taken together. Thus 4 + 5 are 
equal to 9 ; 4 + 5 + 2 are 1 1 . 

A short horizontal Hoe is the mark of Subtraction, signify- 
ing less. It is called Minus, the Latin word for less. Its use 
and meaning are the reverse oi' the former sign, thus, 9 — 5 
is 4 ; and U — 2 — 5 is 4. 

x The sign of Multiplication. It is a small cross, but differe 
from that for Addition, being; two transverse sloping lines ; 
like the cross appropriated to St. Andrew. It has not a name, 
but it signifies that any numbers, between which it may he 
placed, are to be multiplied, or regarded as multiplied, into 
each other, as 8 x 9 are 72. 5 x 3 x 7 are 105. To translate 
this mark into a word, we say " into." 

-j- The sign of Division ; without a name : but used for the word 
" by, meaning, when placed between two numbers, that the 
larger is to be, or to be considered as being, divided by the 
smaller. Thus 32 + 4 is 8 ; 84 -r 7 is 12. 

: The sign of Equality, and used instead of the words "equal 
to." Thus 4 + 5 = 9; 4 + 5+2 = 11; 9 — 4=5; 
5 x 3 x 7 = 105. 

Two dots, placed thus, are used as the sign of Proportion ; 
and, placed between two numbers, they invite our attention 
to the proportion which the first bears to the second. They 
are to he read thus, 8 : 16; that is, 8 is to 16 ; or 8 is in the 
proportion to 16, 

: Four dots, or points, are the second mark of comparison, or 
proportion, between numbers; meaning "as," or " so is." 
They are not used except to follow the two dots just described 
ill the last definition, and then they are placed and read thus, 
8 : 16 :: 3 : 6. Eight is to 16 as 3 is to 6 ; or 8 it in the 
same proportion to \6,as3is to 6. 
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8', 8', 8'. Small figures placed thus are called ExPOKKWTS. 
They announce lo us the pouter to which the number they 
may be annexed to, is to be, or is to he regarded as being 
raised. See paragraphs 141 to 147, both inclusive. 

y/ V y/ . Tliia ■/ is called the radical sign, that is, the si;/ >/ of 
the root. Placed In-fore a number, it means the same thing as 
does the small exponent, when placed after it, as just explained. 
But its use in this maimer has, of late, been discontinued ; the 
the exponent being preferred. The use of this sigu is now 
confined to express, not the power of the number to which 
it is annexed, but the contrary ; it means the rout ; and. to 
express this meaning, itfoliows the number, thus S \/ . The 
sir/it alone means the square root ; with the small exponent 
K it means the cube root; \ means the btquadraU root. be. 

—1 Called tbe Vinfulum ; used to bind, to connect two or more 
numbers together. Thus : do we desire to express tbe third 
power of these three numbers 5 + 2 + 7 the vinculum may 
be used thus; 5+ 3~+T* and then they are all affected by 
theexponent: whereas, without the vinculum, written thus, 
5 + 2 + 7 J , the last figure, only, would be affected by the 
exponent; the statement would ttignily 5 and 2 and the ci ' 
of 7 only. 

(5 + 2 + 7.)' This, however, between two braces, is the mor 
recent method of binding or connecting two or more numbers; 
and is, I believe, superseding the use of the vinculum. 
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Aliquot Parts. — These parts have a very suitable name. We 
use them as we use factors, and mbmukiplcs ; that is, for th 
purpose of avdidiuc fan;/ w/t/tijif/cation, and lona division 
on occasions in which it is more convenient to work with t' 
or more, small numbers, rather than with one large 
But, mid mark the neatness of the distinction ; these j 
with which we work in the Ride of Practice, differ from tl 
in this respect ; that whilst, in tbe use of factors and submul- 
tiples we care not how many we have to work with ; because, 
if there be many they arc so much the smaller, and therefore, 
more easily worked ; whilst this is the case with those par*" 
the contrary is the case as to the parts used in Practice; 
here, simplicity, and ease, and clearness of statement, are a 
promoted by working our sums by as few parts as possible, 
and hence comes the name aliquot; which is a Latin word 
signifying some fern ; so, some fere parts, which are the 
things we ought to work with, in Practice, are caUed Aliquot 
Parts. (Lmhhu on ^tUImmHc, 
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Uponents, Composite Npmbehs.— As the numbers which, 
multiplied together, producing a certain sum, a re called the 
factors of that sum ; so numbers added together, and thereby 
composing a sum, are called the components of that sum : 
and, as these numbers are called its components, so the sum 
itself, when required to be distinguished by a term, is called, 
A composite STJMfer. So that the use of these Terms is, 
to distinguish numbers when employed for one purpose, from 
ntimbers employed for another purpose: and the use of the 
numbers, themselves, lies here ; suppose you have to multiply. 
or to divide, a certain sum by several small numbers, as by 
these, 6, 9, 6 ; instead of making three operations, you add the 
numbers together, and multiply, or divide by the sum of tbem, 
which is 21. And, if you have to speak of the manner of the 
operation, yon say, that you multiply, or divide, by 21 , the 
composite number of the components 6, 0. G. 

(Lrtfans »n Arithmetic.) 

ie Number. — A number, the product of any whole or integral 
number, twice multiplied into itself: as 8, which is the cube 
of2; 27. the cube of 3; 64 the cube of 4 ; 1000 the cube of 
10 ; and so on. The more learned definition of a cube num- 
ber is, the third power of an integral number, — {See Surd.) 

>rGiT. — The word comes from the Latin, digitus; that is, finger. 
Savages, who have no better mode, they say, count by their 
fingers ; and in this manner, say the learned, our ancestors 
counted, before they had acquired a knowledge of numerical 
figures, to which figures it appears, that they, very naturally, 
and it must be allowed, very excusably in them, transferred 
the word. But is this any reason, I ask, for us to defile our 
language with the heterogeneous and barbarous term, even 
were they our own immediate ancestors, instead of the ances- 
tors of the ancient Greeks, or Romans, who had first so applied 
it? That its use is not necessary, in order to describe either 
the meaning or the uses of numbers, has, I hope, been made 
to appear in these pages : through which I have used, when 
speaking of the forms by which we express numbers, the word 
figure ; and, when speaking of the numbers themselves, I have 
used tlie word itself; to be sure. And this proper use of 
words, gives clearness, simplicity, and certainty to writing. 
Whilst the darkness, and confusion which have been spread 
over this subject of Arithmetic, must be the inevitable conse- 
quence of a casual and senseless use of the terms number, digit, 
and figure. (Lilians an Arithmetic^ 

)ividend. — The Number divided, or to be divided, 

Ivisor. — The Number with which we di\ide- 
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Factors. — Numbers which, multiplied together, have produced 
another number - Having produced such number, they are 
calted FtctOMj the factors of tbatnumber. — Se-e Multiple, and 
Submultiple. 

Figures. — The Forms by which Numbers are expressed; Ap- 
plied, also, lo other forma, as diagrams. — (See tertn Digit.) 

Multiple. — A Number having, in certain other numbers, relations 
called its submultiples. The relationship which the multiple 
bears towards its submultiples, is of this nature, that they are 
capable oj 'producing it ; that they are capable of becoming iti 
factors. For example, the numbers, that is, a due portion of 
the numbers, 1, 3, 4, 6, 8, and 12, are thus capable of producing 
the number 24. They are, therefore, Submultiples oi" this 
number ; whilst this number is called a Multiple of them. 
This relationship between numbers means, merely, that the 
smaller may be found in the larger ; and that the larger may 
be produced by a multiplication of a due portion of the smaller 
numbers, without there being either surplus or deficiency. 
The terms multiple and submultiple properly belong to num- 
bers bearing this relationship towards each other, only before 
the latter he multiplied, and before they have produced the 
former. When the production has taken place, the numbers 
change their names ; the multiple becomes a product, and the 
mbmultiples become its factors. 

Primes, or Primary Numbers. — It is not all numbers that can 
be evenly divided. Numbers of this kind, as well as those 
which may be evenly divided, have a name; and as these are 
termed multiples, so the odd and indivisible numbers are dis- 
tinguished by the name Primes, or Primary Numbers : that 
is, they are primary or original, numbers, and not producible 
bv the multiplication of other numbers; as 3, 5, 7, 9, 13, 
17, fcc. 

Product. — The number produced by the multiplication togeth 
of two or more numbers. 

Quotient. — The result of a division of one number by another ; 
the number of times that the larger number, the dividenc 
contains the divisor. 

Resolvend. — A number to be divided, or evolved. 



Submultiple. — One of two or more numbers that art . 

when multiplied together, of producing a given number. — (S 
Mulfyle.) 
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StttfrRXHB!fD.—The lower, under, smaller 9 number, in a case of 
■■ subtraction. A term useful in operations of extraction of 
* roots, but not required in any of the earlier operations of 
arithmetic. 

S4&ARB Number. — A number, the product of any whole or 

* integral number, multiplied into itself; as 4, which is the 

square of 3; 16 of 4; 100 of 10; and so on. Its more 

* xo - scientific definition is, the second power of any integral 

^flfnwDCr* 

Sl*i ■.■,:; 

StbriD; or Surd Number.— -Terms, as used in arithmetic, on 
*° '-' 'which I do not find that the learned are very well agreed. 
F -The word surd, is the Latin for deaf. And a deaf number, 
-■' or Surd, is a number the root of which you cannot extract 
•"■"' without having fractions. Some seem to apply it to numbers 
: j : only which, on the evolution of their roots, fall into recurring, 
*"" or endless fractions. However, it is a term, in contradistinction 
r ; -fo'sojiare and cube numbers; as before defined. 



If*', r ■ 

r* i -- . . 
*■ ■" . -i . 
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TABLES 

OF WEIGHTS, AND MEASrKES. 



England ; with the marks by which each of them ja c 
mon!y (Htftmguished, 



AVOIRDU POISE 
WEIGHT, 

dr. dr»ebm 
(ii. ounce 

I!., [iiiiinii 



WOOL WEIGH" 
7 pound* make 1 ck 

2 ilonis . . 1 tot 
6 j tods 1 we 




aodw 



TROY WEIGHT. 

BT. B raiQ 

dwt. penny weight 

make 1 penny wl 

:es - ■ 1 pound 



12 01 



1 pmind 



■'^■i- 

2hrkins 
2 kild.-r-, 
I ; lKiri-L-1 

2 l,;|| T .-la 

3 barrels ■ 



1 Kallnn 
1 lii kin 

\ kilderkin 

1 ImtMlirad. 

1 |>1lticl]e..|l 

i Butt 



WINK MEASURE. 



4 quarts . 
10 gallons . 

(i.l :'..!l„[,S . 

2 hlids. . 



I iiii.-lu ;ul 

1 pipe 



2 !„!,.■■= 
12 b.iiIi-Tj 

DRY MEASURE. 



2 K all.ni 
J bttntii'l 



,<f 1 ba'ht 



. . I quarter 
-. H »™«™-- lclialdi 
lOqoanen . . l last 

SOLID MEASURE. 

1728 in. tuake 1 solid foot 

27 ft. . . 1 yard 



LUNG MEASURE. 
S barley corns 1 inch 
1 foot 

I lailiom 



5f yards 
40 poles 

* luiliiii'-. 
Smiles 
SU miles 



I fiiilo, 



long 



1 I. 



LAND MEASURE. 
9 feet make 1 yard 

*H viirds .. 1 pole 
l"l -s .. lroort 



COAL MEASURI 
3 bushels 
3fi bushels . . chaldron 



I 



CLOTH MEASURE. 
2| inches .. 1 nail 
■1 nail* .. 1 quarter 
4 quarters .. 1 yard 
3 qnartera .. 1 Flemish til 
"i quarters ,, 1 Ei,|>ii>li eil 
G quarters . . 1 French eil 



i used for measuring cloths of all kinds, 



PARTICULAR MEASURES OF LENGTH. 

A Nailis 2*Inchea i 

A Quarter 1 Nails 

A Yard 4 Quarters 

An Ell 5 Quarters . 

A Hand 4 Inches; used fur the height of horses. 

A Fathom . . fi Keel ; used in measuring depths. 

A Linlt 7 Inches; 92- hundredths "1 

A Chain I 1 "' Links fused in Land Measure. 

An Awe, 10 Chains, square J 

MEASURE OF SURFACE. 
M4 Square Indies make 1 Square Knot I 40 Perches, 

9 Square Feel 1 Square Yard 4 Roods, w ISO Perches 1 Acre 

:i'| Square Yards 1 Perdiorliod j C40 Acres 1 SquareMile 

MEASURES OF SOLIDITY AND CAPACITY. 
Division I. — Solfditv. 

1728 Cubic Inches make I Cubic Foot 

2? Cubic Feet Y CtfoiCiaji 





TABLES, Sic, 



Division II. 
Imperial Measure of capacity (or all liquids, and lur all dry goeds, e«K| 
sorb m arc comprised iu the third Divijioik :— 

4 Gills make. . 1 Pint as 341 cubic inches, nearly 

a Fiats 1 Qnart = 69) 

4 Quarts 1 Gallon = 277i 

2 Gallons .... 1 Peck = a*4 j 

8 Gallons .... 1 Bushel =2218$ 

8 Bushels 1 Quarter = 101 cubic feet, Dearly 

a Quarters 1 Load = 511 

Dmstoei III. 

Imperial Measure of capacity for coals, culm, lime, fish, potatoes, fruit, ai 
other a 1-, com i I* sold by I'f'jpi-d measure . — 

2 Gallons make. . 1 Peck = 704 cubic inches, nearly 
8 Gallons 1 Bushel =8H5| 

3 Bufhels 1 Sack = i\ cubic feel, nearly 

12Sacki 1 Chaldron = 581 

The Goods are to be heaped np in the form of a cone, to i height above tbe ri 
-'■-■ c-fourtbs of its depth. The o-~" J - 



t least double the depth, touse- 



_. _ _ .it least tl 

measure*, used for heaped it Is a 

qoently not less thau the following 

Bushel 191 inches 

Hals lin-diel.. 1'ii 

Peck let 

The Imperial Measure was established by Act 5 Geo, IV. c. 74. Before that 

■' !, there were four different measures i>t' capacity M-ed in I'jiislauil — 1st. For 

:, spirits, cider, oils, milk, &e. ; tlii.-f ira- one-sixth lens than the Imperial 

asure. 2nd. For malt lirmm . this w- .is one fifty-ninth part greater than the 

3rd. For com and all other dry goods not heaped, this was 

£ thirty- third part .less ill .hi ttie Imperial Measure. 4th. for coals, which 

,.d not differ sensibly from the lmperi.il Measure. 

The Imperial Gallon contain* exactly 10 lbs. avoirdupoise of pure water; 
-— isequcntly the pint will hold if lb., and the bushel 80 lbs. 

PARTICULAR WEIGHTS. 

3 Pounds make. I Stone rwl. <fr>. Ibn. used for Meat. 
14 Pounds 1 Stone = 14 

2 Stone 1 Tod =0 1 

GiTod 1 Wey = 1 3 14 

2 Weys 1 Sack =310 

12 Sacks 1 Last =39 D II 

MISCELLANEOUS. 






.'£ Dozen make a Gross 

v Weigh is ajfilbs. 

2 Barrels make a Last 

1 Quire of Paper is -it Sheets 

I Ream of Paper is 20 Quires 

I Bundle of Paper is 2 Reams 

\ Bale of Paper is 10 Reams 

I Roll of Parchment, nr Vellum, is 

fire dozen, or GO Skins 
I Dicker of Hides is 10 Skins 
* Last of Hides is 20 Dickers 
1 Dicker of Gloves is 10 dozen pi 
V Firkin of Under is Sfilb*. 
\ Firkin of Soap is 64.11m. 
\ nciee .if Hire is about 5 cwt. 
\ H'>i:>lie;ii] ol Tubaeco is from i) to 



10 ci 
A Barrel of Gunpowdei i 



A I'.nk of Wool is 240IDB. 

2U Stones of Flour make a Saek 

A Load of Timber, nit hewed, is 40 feet 

A Load (.Miriek., .',011 in number 

A Load of Tiles, 1000 in number 

A Load of Hay, in London, is nearly 

A Load of Straw,3STrnsses, of .'ifilbs. 

A Chaldron of Coals, in London, is 3d 

A Chaldron of Coals, in Newcastle, is 



A Grain of Gold is worth at 

An ounce of tine Silver is worth I 
5«.to5«.<W. 



MISCELLANIES. 






The lime in which the Earth performs one complete journey 
round the Sun, being divided into 12 equal portions, called months, 
gives, for each month, 30 days, I0 1 ^ hours, within a few seconds ; 
and these months, from their refcrnce to the Sun, are called Solar 
Months, from Sol, the Latin word for Sun. In like manner is 
the same portion of time measured by the motion of the Moon ; 
and the divisions arising therefrom are called Ldnar Months; 
from the name of the planet, which in Latin is Luna. These 
divisions may both be considered as natural, or as astronomical, 
months. But for legal purposes, and for purposes of business, a 
somewhat different mode of dividing the year prevails. 

This other division of the year, is into what are called civil, or 
Calendar months ; civil, because they are the divisions adopted by 
the civil government* of Europe ; and Calendar, from a custom of 
the ancient Romans, who called certain days of each month the 
calends of that month. The Cadendar months are, of course, the 
mouths distinguished by the names January, February, &c. 

ROHAN NUMERALS. 

The ancient Romans, who enj oyed not the benefit of the beauti- 
ful system of notation, which the modern world derived from the 
Arabians; the Romans employed certain of their Capital letters, 
wherewith to describe numbers ; and, as this mode is still useful, 
for particular purposes, and still used, it may be well to describe it. 
It will be sufficient to write some of these numerals, and to place 
opposite to each, the Arabic figure of the same value. 



CC 200 

CCC 300 

CCCC 400 

D 500 

600 
DCC 700 




BY THE SAME AUTHOR. 

Just published, price One Shilling, and to be had of (lie same Bookseller 

Dciiitaiod particularly la Ik* MTlMur the new Cur|p"'»l( CounciU. 
TBF. 

CHAIRMAN, 



SPEAKER'S GUIDE; 

Being nn Essay towards a brief Digest of (he Rates required for (lie orderly 
- t " ti Meetings, larg* 



ENTIRE NB(f U'OBK ON ARITHMETIC, 



LESSONS ON ARITHMETIC, 



PRINCIPLE and in PRACTICE, 



The following, antasgil other Notices of thil aork, ha«e mj 
"Mr. Smith's work is more calculated to exercise the reason than the memory, 
and may, indeed, be called the ratimvilt' of the science it professes to teach ; . . . . 
To write an elementary work well, an author should not only perfectly understand 
the Subject himself, but he should also he able to make others under.-, Mm I it. and 
experience proves that the latter quality is much the rarer of the two. It is very 
difficult for a writer who is completely m.-Lsrci- of a subject, to level bis ideas to the 
i.iiii|iiili<!i!..ii.'t,'. tyro ; mid be is apt lo forget, that what has become easy to 
him i> still a mystery to the greater portion of bis readers. Mr. Smith has care- 
fnllv avoided this fault. He begins at trm beginning, and. assuming that his 
readers know nut bins of the science in .|uestioh, he proceeds, step-by-step, pre- 
ferring to explain what is self evident, rather than run the risk of leaving any- 
thing obscure It is not possible for any one to peruse this work without 

fcclinir. his mind enlarged, and hi? rhiiikir.iT powers called into action." 

(Loudon's Gardener's Mag. Feb. 1831. J 

-' He who takes up this arithmetical wnrk, with the expectation of seeing 
what he has seen before, will be surprised and gratified at the novelty i* 
The learner is here led sic|i-by-stcp, sees principle following principh . 
laid before him. in simple language, clear views on a subject heretofore treat 
in a conventional and on intelligible jargon." (Athataum, Nc " 



sssr 
is 




t tliiair calculated to lead 
principle*, noil M i-fidnuij 

..:<■: cralilinl, :ml 
it I, alone time lutd the it ' "' 
It wn pnl 'iff from 

.11 imtttB -ni-i uaHMed i>v Mi 

_reat ubility, and ;i perfect knowled| 
ill. I Fllil V'iiiiii- |>.-IMi(i iifi-illiliin.il ,:. 
■ JUheutliei I ks.ihut 1 



dear, linim tpna i 
Kindna.1 workings of the nytitem. 

'■ '■ prrv»din*«;ui; 1-. ■ 



■liiiiic ; ami cliecrfulli 




(H- 



ed Ji by the ltamer ; he 
|»u:.i .<• itself a mystery . 
I eiplaina, step iiv step, 
its. We have been much 
•nt of tlw contents of the 
■alt^o of those to whom 
'l:i, Aug, U, I831.> 



■r -of- fact dun-Meter, whirl] 



object. Figures, to 



:, urn! great plainness of illustration. 



)f numbers with very considerable 



t Win 



r, Ni. 4S4,J 



Smith's "Lessons on arithmetic," i. a bonk of Principles, it does not 
direct, it really tenches ; it unfohh all tin- little iiiti-icaeiesol" the art; it shows 
the raider the reason of every thiuj! he [? instructed M <lo ; it dues not lead him 
blindly along, but makes him familiar h'IiIi the path he is pursuing; it makes 
him feel the firmness of the uronnd on which he treads, lit what it embraces, 

ein what otnitM, it i- calculated, n.iI. in di-play leariiiuK, but to communicate 
wlctlee ; one part is made to rise upon, anil to grow out of another, in a man- 
ner which show j the mind of the author to have been fully master of his miI>jw:( ; 
which makes this verv intricate subject clear and in teres tin it to the least informed, 
and at the same time' must delight the tmty learned as a fine example of that 
/iintlw «rrf», that brinht arrnimeiucnt, to which the most exact of critics refers the 
greatest charm even of works of fiction. It if, in short, a book of recondite 
prinriplt «, clearly ami graceful])' 1 1 eve loped. " 



(Mancheiter /tdtiei 



', Feb. 2 



/ 



